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Abstract A phenomenological model is used for describing how a fluctuating
bath modifies the way an exciton promotes quantum state transfer on a star
graph. A markovian generalized master equation is first established. Then, it is
solved exactly for studying specific elements of the exciton reduced density matrix. These elements, called coherences, characterize the ability of the exciton
to develop qubit states that are superimpositions involving the vacuum and the
local one-exciton states. Although dephasing-limited coherent motion is clearly
evidenced, it is shown that both the decoherence and the information transfer are
very sensitive to the number of branches that form the star. The larger the branch
number is, the slower is the decoherence and the better is the efficiency of the
transfer.
Keywords Exciton · Star Graph · Decoherence · Quantum State Transfer

1 Introduction
At nanoscale, solid-state based communication protocols are one of the best candidates to promote the transfer of qubit states, a fundamental task in quantum
information processing. This quantum state transfer (QST) is needed to ensure
a perfect communication between the different parts of a computer or between
neighboring computers [1]. The interest of using nano-structures in scalable computing is twofold [2]. First, the qubits are encoded on elementary excitations that
naturally propagate along the lattice due to the inherent interactions between
sites. QST is thus spontaneously achieved without any external control. Second,
no interfacing is required between the computer and the data bus, both involving
the same elementary excitations. Owing to the wide variety of collective excitations that arise in condensed matter, different protocols have been proposed during
the last decade. Examples among many involve spin networks [3–5], quantum dots
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[6], optical lattices [7], trapped ions [8], conducting polymers [9], phonons in lowdimensional crystals [10] and vibrons in molecular nanowires [11–13].
Recently, it has been suggested that exciton-mediated QST in dendrimers could
be a promising way for quantum information processing [14–18]. A dendrimer is
an engineered hyperbranched polymer whose self-similar geometry at nanoscale
resembles to the fractal patterns that occur in the plant kingdom [19]. It exhibits
a central core to which several dendritic branches are attached. Therefore, in a
typical communication protocol, the periphery of the molecule plays the role of a
computer where the information is implemented whereas the central core is occupied by a second computer where the information is received. Of course, one can
consider the reverse situation. The communication between the two computers is
thus mediated by an excitonic wave that propagates along the dendritic branches.
Note that at the origin, it has been pointed out that dendrimers could behave as
artificial light-harvesting complexes able to convert the energy of a radiation into
a chemical fuel [20].
In fact, exciton-mediated QST in dendrimers is a special case of a more general
subject devoted to the characterization of the excitonic propagation in complex
networks. This characterization is of fundamental importance because of the formal
resemblance between the exciton dynamics and a continuous time quantum walk
(CTQW) [16]. During the past few years, CTQW in complex networks has become
a very popular research topic owing to its potential use in the development of
quantum algorithms [21–24]. Consequently, it has been studied in a great variety
of networks including binary and glued trees [24–26], Apollonian networks [27, 28],
and star graphs [29–32], to cite but a few examples.
In that context, the previous examples clearly show that the coherent propagation of an excitonic qubit in a complex network could play a key role in quantum
information processing. Unfortunately, in a realistic nano-structures, the exciton
does not propagate freely. It interacts with the remaining degrees of freedom of
the medium that usually form a thermal bath responsible for dephasing or quantum decoherence [33, 34]. In a regular lattice, dephasing-limited coherent motion
prevents the occurrence of any high-fidelity QST nor efficient CTQW [35]. Therefore, the fundamental question arises whether the specific topology of a complex
network modifies the dephasing processes.
To answer that question, this work presents a phenomenological model for
studying the dephasing mechanisms that affect the exciton dynamics in a star
graph. To proceed, dissipative effects will be treated using a stochastic approach in
which the thermal bath induces random fluctuations of the dynamical parameters
that control the excitonic propagation (see for instance Refs. [36–40]). Note that
the choice of the star graph is not the result of chance. Indeed, this graph is one
of the most regular structures in graph theory. Organized around a central core, it
exhibits the local tree structure of irregular and complex networks and it formally
looks like a dendrimer. However, its topology remains sufficiently simple so that
analytical calculations can be carried out exactly. The present work can thus be
viewed as a first step and more realistic situations will be addressed in forthcoming
papers.
The paper is organized as follows. In Sect. 2, the star graph is described and
the exciton-bath Hamiltonian is defined. Then, QST is formulated in terms of the
excitonic coherences that refer to specific elements of the exciton reduced density
matrix. A generalized master equation is established for describing the dynamics
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Fig. 1 Representation of the star graph SN with N + 1 nodes ℓ = 0, ..., N and N branches.

of the coherences. Finally, the master equation is solved analytically in Sect. 3
where the corresponding solutions are presented and discussed.

2 Theoretical background
2.1 Model Hamiltonian
The system we consider is the star graph SN illustrated in Fig. 1. It corresponds
to a tree with N + 1 nodes formed by N branches that emanate out from a central
core. The central core, labeled by the index ℓ = 0, is thus connected to N branch
sites ℓ = 1, ..., N . Each site ℓ = 0, ..., N is occupied by a molecular subunit whose
internal (i.e. electronic or vibrational) dynamics is described by a two-level system.
Let ω0 stand for the corresponding Bohr frequency and let |ℓi denote the state
in which the ℓth two-level system occupies its first excited state, the other twolevel systems remaining in their ground state. The vacuum state |⊘i describes all
the two-level systems in their ground state. The exciton Hamiltonian that governs
both the zero- and the one-exciton dynamics is thus defined in terms of the exciton
hopping constant Φ as (the convention h̄ = 1 will be used throughout this paper)
HA =

N
X
ℓ=0

ω0 |ℓihℓ| +

N
X
ℓ=1

Φ(|0ihℓ| + |ℓih0|)

(1)

Different strategies have been developed for describing the one-exciton eigenstates [29–31]. Here, we take advantage of the fact that HA possesses discrete
rotational symmetry. It remains invariant under the discrete rotation of angle
θ0 = 2π/N and centered on the core site ℓ = 0. Consequently, its diagonalization
is greatly simplified when one works with the so-called Bloch basis [41] that involves the local state |ℓ = 0i and N orthogonal Bloch states |χk i (k = 1, ..., N )
defined as
N
1 X iklθ0
e
|ℓi
|χk i = √
N ℓ=1

(2)
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Within the Bloch basis, the star graph exhibits two kinds of eigenstates. First,
the spectrum of the graph shows the (N − 1)-fold degenerate eigenenergy ω0 , the
corresponding eigenstates being the N − 1 Bloch states |χk i, with k = 1, ..., N − 1.
Second, the graph supports two eigenstates |χ± i that correspond to superimpositions involving the state |0i and the Bloch state |χN i that is uniformly distributed
over the periphery of the star. These eigenstates are defined as
1
|χ± i = √ (|0i ± |χN i)
2

(3)

√
the corresponding eigenenergy being ω± = ω0 ± N Φ. These N + 1 eigenstates
describe an exciton that propagates along the star graph. This propagation is
accounted by the free propagator G(t) = exp(−iHA t) that is formally expressed
as



√
G(t) = 1e−iω0 t − (|0ih0| + |χN ihχN |) 1 − cos( N Φt) e−iω0 t
√
− i(|0ihχN | + |χN ih0|) sin( N Φt)e−iω0 t

(4)

where 1 is the identity operator.
At this step, let us mention that a detailed study of the exciton propagator
allows us to bring out the general features that characterize the complex network
dynamics [16]. The two main results are as follows. When the exciton wave function
is initially uniformly distributed over the periphery or localized on the central core,
it delocalizes coherently between the periphery and the core. The exciton dynamics
is thus
√ mapped onto that of a two-site system whose the effective hopping constant
is N Φ. By contrast, when the exciton is initially located on a single branch site,
it tends to remain confined over the excited site. A localization takes place due to
the specific quantum self-interferences that arise because the star graph supports
a (N − 1)-fold degenerate eigenenergy.
Unfortunately, the exciton does not evolve freely but it interacts with the remaining degrees of freedom of the star. They form a thermal bath whose dynamics
is governed by the Hamiltonian HB . This interaction results from a stochastic modulation of the Bohr frequency of each two-level system induced by the motions of
the bath. The corresponding coupling Hamiltonian is defined as

∆H =

N
X
ℓ=0

∆ωℓ |ℓihℓ|

(5)

where ∆ωℓ is an operator that depends only on the bath degrees of freedom.
The exciton-bath dynamics is thus governed by the full Hamiltonian H = HA +
HB +∆H which will be used to study the properties of an excitonic qubit. Since H
is an exciton number conserving Hamiltonian, the Hilbert space is partitioned into
independent subspaces E = E0 ⊕ E1 , where Ev denotes the v-exciton subspace. The
coupling ∆H vanishes in E0 whereas it turns on in E1 . Therefore, a qubit state
corresponding to a superimposition of states belonging to the zero- and to the
one-exciton subspace, the coupling ∆H will produce quantum decoherence that
strongly affects QST, as shown in the following of the paper.
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2.2 Excitonic coherences and QST
Without any perturbation, the star graph is supposed to be in thermal equilibrium
at temperature T . Assuming that ω0 ≫ kB T (kB is the Boltzmann constant), all
the two-level systems are in their ground state. This is no longer the case for
the thermal bath whose eigenstates are not well defined. Its properties are thus
encoded in the standard Boltzmann density matrix ρB = exp(−βHB )/ZB , ZB
being the bath partition function (β = 1/kB T ). In that context, for describing the
exciton dynamics, the star must be brought into a configuration out of equilibrium
in which the exciton is prepared in a state |ψA i 6= |⊘i. This step is supposed to be
rather fast when compared with the typical time evolution of the thermal bath.
Therefore, after this initial preparation, the full system becomes described by the
density matrix ρ(0) = |ψA ihψA | ⊗ ρB .
To study exciton-mediated QST, one chooses |ψA i as a qubit implemented on
the molecular group ℓ0 as
|ψA i = α|⊘i + β|ℓ0 i
(6)
where |α|2 + |β|2 = 1. Our aim is thus to measure the ability of the system
to freely evolve in time so that this initial qubit is copied on a second site ℓ.
Whatever its duration, QST must be realized with the largest fidelity despite the
coupling with the thermal bath. To define this fidelity measure, different objects
have been introduced [42], one of the most widely used being certainly the socalled average Schumacher’s fidelity [3]. Here, we restrict our attention to the
excitonic coherences. Indeed, the exciton properties are encoded in the reduced
density matrix (RDM) σ(t) = T rB [ρ(t)], where T rB is a partial trace over the
bath degrees of freedom. The coherences are thus the off-diagonal matrix elements
σℓ (t) = hℓ|σ(t)|⊘i. They provide information about the ability of the ℓth two-level
system to develop a superimposition between its ground state and its first excited
state a time t. They are defined as

h

i

σℓ (t) = hℓ|T rB ρB eiHB t e−iHt |ℓ0 iσℓ0 (0)

(7)

where σℓ0 (0) = α∗ β.
The excitonic coherence generalizes the concept of transition amplitude. It
yields the probability amplitude to observe the exciton in |ℓi at time t given that
it was in |ℓ0 i at t = 0. Its effective nature results from the fact that the exciton
interacts with the bath during its transition. The excitonic coherence is the central
object of the present study. The condition |σℓ (t)/σℓ0 (0)| = 1 reveals that the ℓth
site reaches a state at time t that is equivalent to the initial state, to a phase
factor. Note that this condition is exactly the QST fidelity when the coupling with
the bath is disregarded [3]. Consequently, depending on the value of the model
parameters, studying the maximum value of |σℓ (t)| provides key information about
the fidelity of the QST.

2.3 Generalized Master Equation
For characterizing the time evolution of the excitonic coherences, we use a standard
projector technique (see for instance Refs. [33, 34]). This method has demonstrated
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its usefulness in eliminating irrelevant information from a system (the bath dynamics), and extracting only the information that is desired (the coherence dynamics).
To proceed, a second-order perturbation theory with respect to the coupling ∆H
is performed (Born approximation) and the Markov approximation is applied. The
generalized master equation (GME) for the coherences is thus written as [35]
iσ̇ℓ (t) =

N
X

(HAℓℓ′ − iRℓℓ′ )σℓ′ (t)

(8)

ℓ′ =0

The first term in the right-end-side of equation (8) describes the free evolution
of the coherences under the influence of the exciton Hamiltonian HA , only. By
contrast, the effect of the thermal bath is encoded in the relaxation operator
whose matrix elements are written in terms of the free exciton propagator as
Rℓ,ℓ′ =

XZ
ℓ′′

∞

dτ Cℓ,ℓ′′ (τ )Gℓ,ℓ′ (τ )G∗ℓ′ ,ℓ′′ (τ )

(9)

0

As shown in equation (9), the influence of the bath is captured in the exciton-bath
coupling correlation function Cℓ,ℓ′ (t) = h∆ωℓ (t)∆ωℓ′ (0)iB . The symbol h...iB is an
average over the bath degrees of freedom and the time dependence of ∆ωℓ results
from an Heisenberg representation with respect to HB . Note that the mean value
h∆ωℓ (t)iB is assumed to be zero.
Basically two approaches have been developed in the literature for determining the correlation functions. Within the first approach, known as the potential
deformation model, the thermal bath is described in terms of the collective vibrations (phonons) of the host medium. The coupling ∆H is thus expressed as a
linear expansion of the corresponding vibrational coordinates so that Cℓ,ℓ′ (t) can
be evaluated exactly [33].
Here, we shall follow the second approach in which the couplings ∆ωℓ (t) are
viewed as stochastic variables [36–40]. Within this approach, a detailed description of the fluctuating bath is not required. The influence of the bath is encoded
in the second order correlation functions that are chosen phenomenologically to
recover the typical behavior of the real correlations. In that context, it is usually assumed that the correlations decay faster than any other time scale of the
system. Therefore, the variables ∆ωℓ (t) behave as a Gaussian white noise with
zero mean and delta correlations. However, as pointed recently, such an assumption is often ”too strong” for excitonic problem and it is necessary to account
for the fact that the correlations decay over a finite time scale. To overcome this
problem, we thus follow Silbey and co-workers [40] and assume that the couplings
∆ωℓ (t) are independent variables with zero mean and whose correlation function
C(t) = h∆ωℓ (t)∆ωℓ′ (0)iB δℓℓ′ shows an exponential decay for all ℓ expressed as
C(t) =

γ
exp(−t/τc )
τc

(10)

In equation (10), τc stands for the correlation time of the thermal bath and γ
provides a measure of the strength of the coupling between the exciton and the
bath.
From the knowledge of both the exciton propagator (equation (4)) and the coupling correlation function (equation (10)), we are able to compute the relaxation
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operator. In doing so, it is straightforward to show that the relaxation operator
exhibits only five kinds of matrix elements. Three kinds of elements define real
components that account for quantum decoherence. The first element ΓC = R00
is the dephasing rate of the core state |0i. For all ℓ 6= 0, the second kind of elements ΓB = Rℓℓ is the dephasing rate of each branch state |ℓi that belongs to the
periphery of the star. For all ℓ 6= ℓ′ 6= 0, the last kind of real elements is defined as
ΓI = Rℓℓ′ . Two kinds of elements define imaginary components that account for
the correction of the exciton hopping constant. For all ℓ 6= 0, the corresponding
elements are ∆C = −iR0ℓ and ∆B = −iRℓ0 . Note that these corrections break
the symmetric nature of the exciton hops between the core and the periphery of
the star. After straightforward calculations, one finally obtains
ΓC = γ



1 + 2N B 2
1 + 4N B 2





1 + 2N B 2
2(N − 1)
2
+
(N − 1) +
ΓB
1 + N B2
1 + 4N B 2


γ
1 + 2N B 2
N −2
ΓI = 2 −(N − 1) +
+
N
1 + N B2
1 + 4N B 2


γB
∆C =
1 + 4N B 2


N −1
γB
1
γB
∆B =
+
N 1 + N B2
N 1 + 4N B 2
γ
= 2
N

(11)

where B = Φτc defines the so-called adiabaticity, that is the ratio between the
thermal bath correlation time τc and the typical time evolution of the excitonic
wave Φ−1 .
From the knowledge of the relaxation operator, the GME in the local basis is
thus expressed as
iσ̇ℓ (t) = (ω0 − iΓB )σℓ (t) + (Φ + ∆B )σ0 (t) − iΓI
iσ̇0 (t) = (ω0 − iΓC )σ0 (t) + (Φ + ∆C )

N
X

N
X

ℓ′ =1

σℓ′ (t)(1 − δℓ′ ℓ ) ∀ℓ 6= 0

σℓ (t)

(12)

ℓ=1

Equation (12) reveals that the GME is isomorphic to the Schrodinger equation for
a single exciton moving on the star graph. The coherence plays the role of a wave
function whose dynamics is governed by the effective non-hermitian Hamiltonian
H = HA − iR that breaks the unitary nature of the quantum dynamics. The
imaginary part of the relaxation operator defines the non symmetric corrections
to the exciton Hamiltonian whereas its real part accounts for dephasing processes.
However, the key point is that the effective Hamiltonian conserves the rotational
symmetry of the star graph so that it remains invariant under the discrete rotation
of angle θ0 = 2π/N and centered on the core site ℓ = 0. Therefore, the GME can
be solved exactly by performing a Bloch transformation based on the introduction
of N new variables defined as
N
1 X −iklθ0
σ̃k (t) = √
e
σℓ (t) ∀k = 1, ..., N
N ℓ=1

(13)
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By applying the Bloch transformation, the GME becomes
iσ̃˙ k (t) = (ω0 − iγ0 )σ̃k (t) ∀k = 1, ..., N − 1
iσ̃˙ N (t) = (ω0 − iγB )σ̃N (t) + ΦB σ0 (t)

iσ̇0 (t) = (ω0 − iΓC )σ0 (t) + ΦC σ̃N (t)
(14)
√
where
γB = ΓB + (N − 1)ΓI , γ0 = ΓB − ΓI , ΦC = N (Φ + ∆C ) and ΦB =
√
N (Φ + ∆B ). The Bloch transformation allows us to partially decouple the evolution of the excitonic coherences. Within this new point of view, the GME first
involves (N − 1) independent and isomorphic equations that describe the time
evolution of the coherence σ̃k (t) of the Bloch states k = 1, ..., N − 1. Then, the
two remaining equations define a system of coupled equations. It characterizes the
interaction between the coherent σ0 (t) of the core site and the coherence σ̃N (t)
of the Bloch state uniformly distributed over the periphery of the star. The solution of this GME is thus obtained from the diagonalization of the corresponding
effective Hamiltonian. This diagonalization reveals that the exciton dynamics is
characterized by three different effective eigenenergies z0 and z± defined as
z0 = ω0 − iγ0

z± = ω0 ± Ω − iΓ̄

(15)
p
where Γ̄ = (γB +ΓC )/2, γ̄ = (γB −ΓC )/2, and Ω = ΦB ΦC − γ̄ 2 . The (N −1)-fold
degenerate effective energy z0 describes the damped oscillations of the coherences
σ̃k (t) with k = 1, ..., N −1 whereas z± account for the coherence exchanges between
the core and the periphery of the star.
From the knowledge of the initial conditions, the GME equation (14) can be
solved exactly. One thus obtains
σ̃k (t) = σ̃k (0)e−iω0t e−γ0 t ∀k = 1, ..., N − 1
σ̃N (t) =

1
2

+

1
2

σ0 (t) =

1
2

1
+
2








1−i

γ̄
ΦB
σ̃N (0) +
σ0 (0) e−iz+ t
Ω
Ω

1+i

γ̄
ΦB
σ̃N (0) −
σ0 (0) e−iz− t
Ω
Ω

1+i

γ̄
ΦC
σ0 (0) +
σ̃N (0) e−iz+ t
Ω
Ω










γ̄
ΦC
1−i
σ0 (0) −
σ̃N (0) e−iz− t
Ω
Ω



(16)

Finally, the excitonic coherences in the local basis can be computed easily by
performing the inverse Bloch transformation. These straightforward calculations
are carried out in the next section where special attention is paid for describing
qualitatively the influence of the thermal bath on the exciton dynamics.

3 Results and discussion
In this section, the previous formalism is applied for studying how a fluctuating
bath modifies the way an exciton transfers a qubit state along a star graph. To
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Fig. 2 Size dependence of a the dephasing rate ΓC of the core state ℓ = 0 and b the dephasing
rate ΓB of each branch state ℓ 6= 0. Different B values have been considered.

proceed, the Bohr frequency ω0 will define the energy reference (ω0 = 0) and the
hopping constant Φ will stand for the energy unit. We thus focus our attention
to the non-adiabatic limit (Markov limit) in which the bath correlation time is
shorter than the typical time evolution of the exciton (B < 1). However, before
analyzing on dynamical effects, we shall first characterize the relevant elements of
the relaxation operator, the knowledge of which is required to solve the GME.
Figure 2 shows the size dependence of both the dephasing rate ΓC of the core
state ℓ = 0 and the dephasing rate ΓB of each branch state ℓ 6= 0 (see equation
(11)). Different B values have been considered. When B = 0, the exciton-bath
coupling correlation function becomes a delta function C(t) = 2γδ(t) (see equation
(10)). In that case, the Markov limit is rigorously reached and ΓC = ΓB = γ
whatever the size of the star (not drawn). As shown in Figure 2, this is no longer
the case when B > 0. Although the exciton interacts similarly with the bath
regardless of whether it occupies a core site or a branch site, the dephasing rates
become inhomogeneously distributed over the graph. Whatever the size of the star,
ΓC < ΓB indicating that the dephasing processes affecting the branch sites are
faster than those that arise on the core site. Moreover, the difference between the
two dephasing rates increases with the branch number. Indeed, of about γ(1−2B 2 )
for N = 1, ΓB increases with the star size. It converges to γ in the thermodynamic
limit N → ∞. By contrast, ΓC , that is also of about γ(1 − 2B 2 ) for N = 1,
decreases with N . In the thermodynamic limit, it converges to half the asymptotic
value of ΓB and reaches γ/2.
The size dependence of the relaxation operator element ΓI is illustrated in
Figure 3 for different B values (see equation (11)). The figure reveals that ΓI ≤ 0
whatever the model parameters. It vanishes when the Markov limit is rigorously
reached (B = 0). Otherwise, provided that N > 2, ΓI increases with the size of the
star. It converges to zero in the thermodynamic limit. Note that when B ≪ 1, the
amplitude of this off-diagonal element is typically two orders of magnitude smaller
than the dephasing rates ΓB and ΓC .
Figure 4 displays the behavior of the hopping constant corrections ∆C and
∆B with respect to N for different B values (see equation (11)). When B = 0,
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∆C = ∆B = 0 whatever the size of the star (not drawn). No dynamical frequency
shift is induced by the bath when the Markov limit is rigorously reached, a behavior
that results from the choice of the exciton-bath coupling correlation function whose
imaginary part vanishes. As shown in Figure 4, this is no longer the case when
B > 0. In that case, the hopping constant corrections decrease with the size of the
star and they converge to zero in the thermodynamic limit. Whatever N , ∆C < ∆B
indicating that the probability amplitude for the exciton to tunnel from the core
to the branches differs from the probability amplitude for the revert pathway.
This asymmetric nature of the hopping constant corrections breaks the unitary
of the excitonic propagation. Note that ∆B /∆C ≈ 4 when N → ∞ whatever the
adiabaticity.
The inhomogeneous nature of the dephasing rates and the asymmetry of the
hopping constant corrections originate in the behavior of the free exciton propagator. This propagator strongly varies depending on whether the exciton occupies
the core or the periphery of the star. Therefore, according to equation (9), the
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different behaviors of the propagator produce different relaxation operator elements. For instance, when the exciton is initially located on the central core, a
coherent delocalization arises between the core and √
the periphery of the star. ConN Φ according to the relation
sequently, the propagator
oscillates
with
frequency
√
|G00 (t)| = | cos( N Φt)| (see equation (4)). By inserting this expression into equation (9), it turns out that the dephasing rate ΓC originates in the
√ competition
between the correlation time τc and the exciton Bohr frequency N Φ resulting
in the expression obtained in equation (11). By contrast, when the exciton is initially located on a branch site, the propagator accounts for the localization effect
that arises due to the degeneracy of the spectrum. Consequently, provided that N
is sufficiently large, the propagator
√ remains quite close to unity according to the
relation |G00 (t)| = |1 − (1 − cos( N Φt))/N | (see equation (4)). By inserting this
expression into equation (9), the dephasing rate ΓB reduces to the integral of the
coupling correlation function and it is typically of about γ, as observed in Fig. 2.
Note that, the influence of the exciton propagator on the relaxation operator occurs provided that the correlation time of the thermal bath remains finite. In that
case, the coupling correlation function is sufficiently long so that the relaxation
operator becomes sensitive to the propagator. As a result, the dephasing rates
and the hopping constant corrections also depends on the adiabaticity, a general
feature previously observed in regular lattices [40]. In a marked contrast, when the
Markov limit is rigorously reached (B = τc = 0), the dephasing rates are equal to
γ and the hopping constant corrections vanish.
From the knowledge of the relaxation operator elements, one can now study
the effective eigenenergies z0 and z± that govern the dynamics of the excitonic
coherences (see equation (15)). The effective energy z0 controls the coherence of
the Bloch states k = 1, ..., N − 1 that shows damped oscillations with frequency
ω0 and decay rate γ0 . By contrast, the effective energies z± describe the coherence exchanges between the core and the periphery of the star. In that case, two
situations arise depending on whether Ω is real or imaginary. For real Ω values,
a damped regime takes place so that the coherence exchanges show damped os-
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Fig. 6 Time evolution of the coherence a of the excited core site ℓ = 0 and b of the branch
site ℓ = 1. Different B values were considered for γ = Φ and N = 20.

cillations with frequency Ω and mean decay rate Γ̄ . By contrast, for imaginary Ω
values, an over-damped regime occurs so that the coherence exchanges no longer
oscillate. As illustrated in Figure 5, the nature of the regime strongly depends
on the model parameters, that is on the adiabaticity B and on the strength of
exciton-bath coupling γ. Therefore, a critical curve discriminates between the two
regimes. When the adiabaticity remains quite small, this curve typically scales as
γ/Φ = α|B−Bc |ν , where the parameters α, Bc and ν depend on the size of the star.
When N ranges between 2 and 200, the corresponding mean values are α ≈ 48.76,
Bc ≈ 0.45 and ν ≈ 0.25. The critical curve thus reveals that in the non-adiabatic
limit (B < 1), the over-damped regime takes place only for very strong couplings.
Such a result is inconsistent with the use of the second order perturbation theory
introduced in the present paper. Consequently, in the following of the text, the
over-damped regime will be disregarded.
We are now able to compute the coherences. As illustrated in Figure 6, we first
consider the situation in which the excitonic qubit is initially encoded on the core
site ℓ = 0 (σℓ (0) = δℓ0 ). In that case, from equation (16), it is straightforward to
show that the coherences are expressed as
ΦB −iω0 t −Γ̄ t
σℓ (t) = −i √
e
e
sin(Ωt) ∀ℓ = 1, ..., N
NΩ
i
h
γ̄
σ0 (t) = e−iω0 t e−Γ̄ t cos(Ωt) + sin(Ωt)
Ω

(17)

When the coupling with the bath is turned off (γ = 0), a coherent information
transfer takes place between the core site and the Bloch state k = N uniformly
distributed over the N branch sites (see equation
√ (17)). The coherences σ0 (t) and
σ̃k=N (t) oscillate between ±1 with frequency N Φ indicating that a perfect QST
occurs periodically. Consequently, the quantum information that is transmitted
to each branch site is optimized,
the maximum amplitude of the corresponding
√
coherence being equal to 1/ N (not drawn).
For non-vanishing γ values, the coupling with the bath favors a dephasing
mechanism so that the so-called damped regime occurs in the non-adiabatic weakcoupling limit. Initially equal to unity, the coherence of the core site shows damped
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Fig. 7 a Size dependence of the transmission coefficient τ01 for different B values and for
γ = Φ. b Variation of the transmission coefficient τ01 with γ for different star size and for
B = 0.1.

oscillations with frequency Ω and mean decay rate Γ̄ . It thus converges to zero in
the long time limit (Fig. 6.a). However, the larger the adiabaticity is, the slower is
the decoherence effect. For instance, when B = 0.1, the coherence of the excited
site reduces to |σ0 (t)| = 0.038 at time t = 4Φ−1 . When the adiabaticity increases
to B = 0.5, the same coherence is almost multiplied by one order of magnitude
and its reaches |σ0 (t)| = 0.24 at time t = 4Φ−1 .
As shown in Fig. 6.b, the coherence transmitted on each branch site exhibits
also damped oscillations with frequency Ω and mean decay rate Γ̄ . As a result,
its maximum value σ1,max decreases when compared with what happens
in the
√
coherent regime. For instance, for γ = 0 and N = 20, σ1,max = 1/ N = 0.22.
When γ = Φ, this maximum value reduces to σ1,max = 0.18 for B = 0.1. Note that
the adiabaticity slightly enhances the transfer and σ1,max increases as B increases.
For instance, it reaches 0.20 for B = 0.5.
To study the influence of the model parameters on the QST, we introduce the
transmission coefficient τ01 . It is related to the maximum
value of the transmitted
√
coherence according to the relation σ1,max = τ01 / N . A perfect QST refers to a
transmission coefficient τ01 = 1. From equation (17), simple algebraic manipulations yield

 
Γ̄
Ω
ΦB
√
(18)
exp − arctan
τ01 =
Ω
Γ̄
ΦB ΦC + γB ΓC
The behavior of the transmission coefficient with respect to the model parameters is displayed in Fig. 7. Consistent with what is expected, the figure shows that
τ01 decreases with the coupling strength indicating that the bath prevents the occurrence of any efficient QST. A detailed study of the curves displayed in Fig. 7.b
reveals that τ01 exhibits an exponential decay with γ in the weak-coupling limit.
By contrast, an algebraic decay arises for quite strong γ values. However, quite
surprisingly, figure 7 clearly shows that the transmission coefficient is enhanced by
both the size of the star and the adiabaticity. As illustrated in Fig. 7.a, the larger
the number of branches is, the closer to unity is the transmission coefficient. For
instance, for B = 0.1, τ01 is equal to 0.69, 0.93 and 0.96 for N = 10, 100 and 200,
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respectively. This effect is more pronounced for B = 0.5 since the transmission
coefficient reaches 0.86, 0.97 and 0.98 for N = 10, 100 and 200, respectively. In
fact, whatever the adiabaticity, τ01 rapidly increases with N provided that N remains smaller than a typical value of about 40. Than, for larger sizes, τ01 becomes
a slowly varying function that converges to unity in the thermodynamics limit.
The fact that the fidelity of the QST increases with the size of the star originates in the combination of two main effects. First, as N increases, the frequency
Ω
√ of the exchanges between the core and the periphery of the star increases as
N . In the same time, the mean rate Γ̄ decreases as N increases owing to the
decay of the dephasing rate ΓC with the star size (see Fig. 3). It is expressed as



N −1
Γ̄ = γ
2N



1
1 + N B2



N +1
+
2N



1 + 2N B 2
1 + 4N B 2



(19)

As a result, the larger N is, the shorter is the time for which the transmitted coherence becomes maximum and the smaller is the decay induced by the dephasing.
Note that the increase of τ01 with B results from the decay of the mean dephasing
rate Γ̄ with the adiabaticity.
As illustrated in Figure 8, let us now focus our attention on the situation in
which the excitonic qubit is initially encoded on a particular branch site ℓ = 1
(σℓ (0) = δℓ1 ) . In that case, the coherences are written as
σℓ (t) = e−iω0 t

N δℓ1 − 1 −γ0 t e−Γ̄ t
γ̄
cos(Ωt) − sin(Ωt)
e
+
N
N
Ω

ΦC −iω0 t −Γ̄ t
e
e
sin(Ωt)
σ0 (t) = −i √
NΩ

h

!
i

∀ℓ 6= 0
(20)

A moment’s reflection will convince the reader that the behavior of the coherence
of the core site following the excitation of a branch site basically resembles the
behavior of the coherence of a branch site following the excitation of the core site.
Note that ΦC ≈ ΦB in the non-adiabatic weak-coupling limit. Because this latter
situation has been studied previously, special attention will be paid now on the
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characterization of the time evolution of the coherence of the excited branch site
and of another branch site.
When the coupling with the bath is turned off (γ = 0), a localization phenomenon due to specific quantum interferences occurs because the star graph
supports a (N − 1)-fold degenerate eigenenergy. As a result, the coherence of the
excited site |σ1 (t)| = 1−(1−cos(Ωt))/N remains quite close to unity provided that
the branch number is sufficiently important. As shown in Fig. 8.a, a fully different
behavior arises when the coupling with the bath turns on. Dephasing takes place
resulting in the decay of the excited coherence. Therefore, |σ1 (t)| rapidly decreases
with time by exhibiting small-amplitude damped oscillations. As illustrated in the
figure, such a behavior is almost independent on the adiabaticity, provided that
the non-adiabatic limit is reached. In fact, when B increases, the amplitude of the
damped oscillations slightly increases. Moreover, we have verified that the time
evolution of the excited coherence depends only slightly on the size of the star
graph (not drawn).
Such a behavior results from the fact that the excited coherence involves two
contributions. As shown in equation (17), the first contribution exhibits damped
small-amplitude oscillations. Proportional to 1/N , this term characterizes the coherence exchanges with the core site whose amplitude decays according to the
mean rate Γ̄ . The second contribution is a purely exponential decaying function
proportional to (1 − 1/N ) exp(−γ0 t). It accounts for the modification of the localization phenomenon due to the dephasing experienced by the degenerate Bloch
states k = 1, ..., N − 1. The corresponding coherences disappear according to the
decay rate γ0 = ΓB − ΓI that is almost insensitive to B and N . In that context,
provided that N is sufficiently large, this latter contribution dominates resulting
in the almost purely exponential decay observed in Fig. 8.a.
Owing to the localization process, the coherence transmitted on a neighboring
branch site ℓ = 2 exhibits small-amplitude oscillations whose maximum value is
σ2,max = 2/N when the coupling with the bath is turned off. As shown in Fig.
8.b, when this coupling switches on, dephasing-limited coherent motion reinforces
the localization effect. The coherence shows damped oscillations whose maximum
value becomes smaller than the reference value 2/N . For instance, for N = 20,
σ2,max = 2/N = 0.1 when γ = 0 whereas σ2,max = 0.057 when γ = Φ and
B = 0.1. Note that, as observed previously, the adiabaticity slightly enhances the
transfer and σ2,max increases as B increases. It reaches 0.064 and 0.066 for B = 0.3
and B = 0.5, respectively.
At this step, let τ12 define the transmission coefficient connected to the maximum value of the transmitted coherence according to the relation σ2,max =
2τ12 /N . Note that no analytical expression can be extracted form equation (20).
The behavior of τ12 with respect to the model parameters is illustrated in Fig. 9.
The figure reveals that τ12 decreases with the coupling strength γ in agreement
with the fact that dephasing enhances the localization process. However, as previously observed in figure 7, τ12 increases with both the size of the star and the
adiabaticity. In particular, the larger the number of branches is, the closer to unity
is the transmission coefficient (see Fig. 9.a). For instance, for B = 0.1, τ12 is equal
to 0.45, 0.80 and 0.86 for N = 10, 100 and 200, respectively. This effect is slightly
enhanced when the adiabaticity increases and for B = 0.5, τ12 reaches 0.58, 0.83
and 0.87 for N = 10, 100 and 200, respectively. In fact, whatever B, the curve τ12
vs N shows two regimes. Provided that N remains smaller than a typical value

16

Vincent Pouthier
1.0

1.0

(a)

(b)

0.6

0.6

B=0.1
B=0.2
B=0.3
B=0.4
B=0.5

0.4

0.2

N=10
N=20
N=30
N=40
N=50

t12

0.8

t12

0.8

0.4

0.2

0.0

0.0
0

50

100

N

150

200

0

5

10

15

20

g/F

Fig. 9 a Size dependence of the transmission coefficient τ12 for different B values and for
γ = Φ. b Variation of the transmission coefficient τ12 with γ for different star size and for
B = 0.1.

of about 40, τ12 rapidly increases with N . By contrast, for larger N values, τ21
becomes a slowly varying function of the star size that finally converges to unity
in the thermodynamics limit.
Although no analytical expression of the transmission coefficient τ12 can be
obtained, we have verified that its N dependence is quite similar to the N dependence of the coefficient τ01 defined in equation (18). It mainly results from the
increase of the exciton Bohr frequency Ω with the branch number. Consequently,
the larger N is, the shorter is the time for which the transmitted coherence becomes maximum and the smaller is the decay induced by the dephasing. As a
result, the transmission coefficient is optimized as the size of the star increases.

4 Conclusion
In the present paper, a phenomenological model has been introduced for studying how a fluctuating bath modifies the way an exciton promotes QST on a star
graph. To proceed, a GME was established for describing the time evolution of
specific elements of the exciton RDM. These elements, called coherences, characterize the ability of the exciton to develop qubit states that are superimpositions
involving the vacuum and the local one-exciton states. In the GME, the influence
of the thermal bath was encoded in a relaxation operator whose key elements define the well-known dephasing rates and hopping constant corrections. Within the
non-adiabatic weak-coupling limit (Markov approximation), the GME was solved
exactly by taking advantage of the fact that it possesses discrete rotational symmetry. We were thus able to obtain analytical expressions for both the dephasing
rates and the hopping constant corrections as well as for the excitonic coherences.
In that context, it has been shown that when the exciton-bath coupling is
turned off, the coherences behave as the free exciton propagator whose properties
depend on the initial position of the exciton. When the exciton is initially located
on the core site, a coherent delocalization arises between the core and the periphery
of the graph. By contrast, when the exciton occupies initially a branch site, a
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localization phenomenon arises due to specific quantum interferences that result
from the degeneracy of the spectrum of the star graph. When the exciton-bath
coupling is turned on, a fully different behavior takes place. Indeed, as expected
from standard theories, dephasing-limited coherent motion occurs. The thermal
bath is thus responsible for quantum decoherence that strongly impoverishes the
efficiency of any quantum communication protocol. Therefore, when the exciton
is initially located on the core site, the dephasing favors a localization effect that
prevents the occurrence of a perfect QST between the core and the periphery of the
graph. Similarly, when the exciton initially occupies a branch site, the dephasing
enhances the localization that originates in the degeneracy of the star spectrum.
However, when compared with what happens on regular lattices, our study
has revealed that the dephasing processes and the QST fidelity are very sensitive
to the topology of the graph and to the number of branches that form the star.
These features originate in the nature of the relaxation operator that depends
on the free exciton propagator provided that the bath correlation time remains
short but finite. As a consequence, it has been shown that the dephasing rates are
inhomogeneously distributed over the graph. The dephasing processes that affect
the branch sites are thus faster than those that arise on the core site, such an effect
being enhanced as the size of the star increases. Moreover, the bath produces an
asymmetric correction of the exciton hopping constant that breaks the unitary of
the excitonic propagation. Finally, the QST fidelity is optimized as the size of the
star increases because the frequency of the exchanges between the core and the
periphery increases with the size whereas the mean decay rate that governs these
exchanges decreases. As a result, the larger the size is, the shorter is the time for
which the QST becomes optimized and the smaller is the decay induced by the
dephasing.
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