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Abstract A fast and efficient quantum search algorithm is established by using
the ability of an exciton to propagate along a star graph that exhibits two identical
energetic defects. The first defect lies on the well-defined input site where the
exciton is initially created whereas the second defect occupies the target site whose
unknown position must be determined. It is shown that when the energetic defects
are judiciously chosen, specific quantum interferences arise so that the probability
to observe the exciton on the target site becomes close to unity at a very short
time t∗ . Consequently, a measurement of the exciton quantum state at time t∗ will
reveal the identity of the position of the target site. The key point is that t∗ is the
shortest time independent on the size of the graph that is physically accessible to
the exciton to tunnel.
Keywords Exciton · Star Graph · Quantum search · Quantum walk
1 Introduction
Quantum computer science was born in the early 80’s through the pioneer reflection of famous researchers like Richard Feynman [1] and David Deutsch [2].
However, it was not until the mid-90’s that one was able to really appreciate its
powerfulness through the development of efficient quantum algorithms. One of the
most famous example is probably the algorithm of Peter Shor [3, 4] to factoring
a large integer, i.e. a key procedure involved in many cryptographic protocols.
While it is estimated that many billions of billions of years are needed to factorize
an integer involving thousand numbers using a classical computer, this operation
would require a few dozen minutes with a quantum computer.
Another famous quantum algorithm was developed by Lov Grover [5, 6] to solve
computational search problems. More precisely, this algorithm is usually described
as a powerful way to find a marked item within an unsorted database involving
N0 items. While a classical computer takes O(N0 ) steps to find the target element
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√
with a constant probability, the Grover’s algorithm suggests that only O( N0 )
steps are needed to a quantum
√ computer, the required storage space scaling as
O(logN0 ). This remarkable N0 speedup illustrates the overwhelming superiority of quantum computation that originates in the interplay between quantum
parallelism, quantum superposition of states and quantum interferences.
The Grover’s algorithm, and its generalizations, can be applied to a broad
range of problems so that different strategies have been developed to implement
quantum search algorithms (see for instance Refs. [7–9]). In particular, following
the pioneer works of Farhi and Gutmann [10], it has been suggested by Childs
and Goldstone [11] that continuous time quantum walks (CTQW) on complex
networks provide a natural way for performing quantum searches. Note that other
approaches were also considered, involving for instance discrete time quantum
walks [12–16] and nonlinear quantum walks [17, 18]. On a complex network, the
linked nodes define the items and the corresponding graph accounts for the local
nature of the unstructured database. A target node with specific properties defines
the marked item whose position must be determined as fast as possible. To realize
this spatial search, CTQW-based method proceeds as follows. First, the dynamics
of the quantum walker is controlled by an Hamiltonian H = ΦL + ∆H, where
Φ is the hopping constant between the linked nodes, L is the so-called Laplacian
matrix [19] and ∆H is a perturbation localized on the target node known as
the Hamiltonian oracle [10]. Then, initially uniformly distributed over the whole
network, the quantum state of the walker freely evolves under the influence of the
Hamiltonian H. Therefore, when the hopping constant Φ is judiciously chosen, the
quantum state suddenly localizes on the target node for a specific time t∗ . Finally,
a measurement of the quantum state at time t∗ will find the walker localized on
the target node,
√ hence revealing the identity of its position. Within this approach,
the so-called N0 speedup occurs on a complete graph and on cubic graphs whose
dimension d is larger than 4 [11]. Unfortunately, in low-dimensional cubic graphs
(d ≤ 3), the search algorithm does not provide substantial speedup, a negative
feature that has been observed also on fractal networks by Mulken and co-workers
[20].
In this paper, following the original idea of Thilagam [21], we introduce a new
spatial search algorithm based on the ability of an exciton to propagate along
a molecular network. Such an approach is not the result of chance since recent
investigations have revealed that exciton-mediated quantum state transfer could
be a promising way for quantum information processing in nanowires [22, 23], treelike molecules [24–27] and star graphs [28]. The protocol we propose differs from
previous search algorithms for at least three main reasons. First, as a physical
realization of a CTQW, the excitonic dynamics is governed by a tight-binding
Hamiltonian. Its diagonal part corresponds to the so-called site energies that differ
from the site degrees which enter the definition of the Laplacian matrix. As a
result, a different dynamical behavior is expected to occur. Second, instead of
being delocalized over the whole network, we consider a situation in which the
exciton is initially localized on a particular site called the input site. As time
elapses, we aim that the exciton reaches a specific site, namely the target site,
whose position is unknown. A final measurement is supposed to find the exciton
on the target site, hence revealing its position. Finally, the key point is that the
input site and the target site correspond to energetic defects whose site energy is
shifted by an amount ∆. The proposed algorithm is thus based on the optimization
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Fig. 1 (a) Representation of a star graph SN0 +1 with N0 + 2 sites and N0 + 1 branches that
exhibits two defects. (b) Equivalent representation involving an input site connected to N0
output sites through a central node. These output sites form the database and the target site
defines the marked item whose position must be find.

of the ∆ value so that an efficient spatial search takes place as fast as possible.
Consequently, we do not need to optimize the hopping constant, a procedure that
seems difficult to implement at a molecular level because it requires to reorganize
the architecture of the network in order to modify the links between the connected
nodes.
To illustrate how the present algorithm operates, we consider the exciton dynamics on a star graph [28–32]. This graph is one of the most regular structures
in graph theory. Organized around a central core, it exhibits the local tree structure of irregular and complex networks. However, its topology remains sufficiently
simple so that analytical calculations can be carried out exactly. This work can
thus be viewed as a first step and more realistic situations will be addressed in
forthcoming papers.
The present paper is organized as follows. In Sect. 2, the star graph we consider
is introduced and the proposed quantum search algorithm is described. Then, one
specifies the exciton Hamiltonian and one defines the so-called success probability,
that is the probability that the exciton tunnels efficiently between the input site
and the target site. In Sect. 3, a numerical simulation is carried out to study the
time evolution of the success probability and to define the optimal situation for
which a fast quantum search takes place. Finally, in Sect. 4, these numerical results
are discussed and interpreted.

2 Theoretical background
2.1 Factual background
The system we consider is the star graph SN0 +1 illustrated in Fig. 1a. It defines a
molecular tree involving N0 + 2 sites and formed by N0 + 1 branches that emanate
out from a central core. The central site is thus connected to N0 + 1 branch sites.
Each site is occupied by a molecular subunit whose internal dynamics is described
by a two-level system. Among the N0 + 2 subunits, N0 sites are occupied by
equivalent two-level systems whose Bohr frequency is denoted ω0 . The last two
sites are occupied by different subunits that correspond to energetic defects, the
Bohr frequency of which referred as ω0′ = ω0 + ∆ being shifted by an amount ∆.
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Fig. 2 (a) Representation of two defect sites i and f connected to the central core of a star
graph SN with N = N0 − 1. (b) Representation of the restricted Hamiltonian H that governs
the exciton dynamics when the input site is initially excited (see the text).

The first defect stands for the input site i whose position is well-defined whereas
the second defect occupies the so-called target site f whose position is unknown.
Although, the system clearly refers to a star graph, its symmetric nature allows us
to represent the network as an input site i connected to N0 output sites through
a central node. Therefore, as shown in Fig. 1b, these output sites can be viewed
as a database so that the target site f defines the marked item whose unknown
position must be find as fast as possible.
As outlined in the introduction, to realize such a spatial search one proposes
the following quantum protocol. At time t = 0, the two-level system located on
the input site i is excited resulting in the creation of an exciton. As time elapses,
this exciton propagates along the star according to the hopping constant Φ that
connects the linked nodes thus performing a physical realization of a CTQW.
In that context, the parameter ∆ must be judiciously optimized so that there
exists a very short time t∗ for which the probability that the exciton occupies the
target site f is maximum. Finally, a measurement of the excitonic quantum state
is performed at time t∗ . If the optimization step is successful, the result of this
experiment will give the location of the exciton, thus revealing the most probable
position of the target site.
So defined, our protocol clearly shows that the central object of the present
study is the success probability Pf i (t), that is the probability to observe the exciton
at time t on the target site f given that it was initially on the input site i. Owing to
the star symmetry, the success probability does not depend on the position of the
target site. Therefore, one can arbitrary fix the position of the target site to study
the time evolution of the success probability, hence defining both the optimized ∆
value and the time t∗ required to establish the desired quantum search protocol.

2.2 Model Hamiltonian
For evaluating the success probability, we can take advantage of the fact that the
network under study can be viewed as two defect sites i and f connected to the
central core of a star graph SN , with N = N0 − 1. This point of view is illustrated
in Fig. 2a. The graph SN involves N branch sites ℓ = 1, ..., N that encircle a
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central core ℓ = 0. According to the previous description, each site is occupied
by a two-level system and one defines |ℓi as the state in which the ℓth two-level
system lies in its first excited state, the other two-level systems remaining in their
ground state. Similarly, let |ii and |f i denote the excited states localized on the
input site i and on the target site f , respectively.
Within the local basis {|ii, {|ℓi}ℓ=0,...,N , |f i}, the exciton dynamics is governed
by a tight-binding Hamiltonian written as (the convention h̄ = 1 will be used
throughout this paper)
H=

N
X
ℓ=0

ω0 |ℓihℓ| + (ω0 + ∆)(|iihi| + |f ihf |) +

+ Φ(|0ihi| + |iih0|) + Φ(|0ihf | + |f ih0|)

N
X
ℓ=1

Φ(|0ihℓ| + |ℓih0|)
(1)

where Φ is the hopping constant that connects the linked sites. This Hamiltonian
can be expressed in an improved way by performing a specific Bloch transformation
[28] that allows us to diagonalize the Hamiltonian of the isolated state graph SN .
Indeed, SN possesses discrete rotational symmetry. It remains invariant under the
discrete rotation of angle θ0 = 2π/N and centered on the core site ℓ = 0. As a
result, one can introduce the so-called Bloch basis [33] that involves the local state
|ℓ = 0i and N orthogonal Bloch states |χk i (k = 1, ..., N ) defined as
N
1 X iklθ0
|χk i = √
e
|ℓi
N ℓ=1

(2)

Within the Bloch basis, SN exhibits two kinds of eigenstates. First, the spectrum
of the graph shows the (N − 1)-fold degenerate eigenenergy ω0 , the corresponding
eigenstates being the N − 1 Bloch states |χk i, with k = 1, ..., N − 1. Second, the
graph supports two eigenstates |χ± i that correspond to superimpositions involving
the state |0i and the Bloch state |χN i that is uniformly distributed over the
periphery of the star. These totally symmetric eigenstates are defined as
1
|χ± i = √ (|0i ± |χN i)
2

(3)

√
the corresponding eigenenergy being ω± = ω0 ± N Φ. Consequently, within the
basis {|ii, {|χk i}k=1,...,N −1 , |χ± i, |f i}, the exciton Hamiltonian is rewritten as
H =

N
−1
X
k=1

+

ω0 |χk ihχk | +

X

σ=±

ωσ |χσ ihχσ | + (ω0 + ∆) (|iihi| + |f ihf |)


X Φ
Φ
√ (|χσ ihi| + |iihχσ |) + √ (|χσ ihf | + |f ihχσ |)
2
2
σ=±

(4)

According to Eq.(4), the defect states |ii and |f i interact only with the totally
symmetric star states |χ± i. Therefore, when the exciton is initially created on
the input site i, its dynamics remains confined in an active subspace spanned
by the four vectors {|ii, |χ+ i, |χ− i, |f i}. In this active subspace, the propagation
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of the exciton is thus governed by the restricted Hamiltonian H whose matrix
representation is expressed as






H=

Φ
√
2
√

ω0 + ∆
Φ
√
2
Φ
√
2

ω0 +

NΦ

0
Φ
√
2

0

Φ
√
2

0
√
ω0 − N Φ
Φ
√
2

0
Φ
√
2
Φ
√
2

ω0 + ∆





.


(5)

So defined, H clearly refers to a four-level system whose characteristics are displayed in Fig. 2b.

2.3 Success probability
In the active subspace, the exciton dynamics is described by the evolution operator
U (t), whose behavior is governed by the Schrodinger equation, as
i

∂U (t)
= HU (t)
∂t

(6)

The solution of Eq.(6) yields the so-called transition amplitudes that provide
key information on the ability of the exciton to tunnel along the network. In
particular, the probability amplitude for observing the exciton on the target site
f at time t given that it occupied the input site i at time t = 0 is defined by the
matrix element Uf i (t). This element can be determined easily by diagonalizing
the system Hamiltonian Eq. (5). Let |Ψα i denote the αth eigenstate of H and
ω̂α the corresponding eigenvalue, with α = 1, 2, 3, 4. The probability amplitude is
expressed in terms of the stationary wave functions Ψαk = hk|Ψα i with k = i, f as
Uf i (t) =

4
X

∗
e−iω̂α t
Ψα,f Ψα,i

(7)

α=1

In accordance with the laws of quantum mechanics, this amplitude is the sum over
the elementary amplitudes associated with the different paths that the exciton can
follow to tunnel. A given path defines a transition through a stationary state |Ψα i
and it exhibits two contributions. First, it involves the weight of the localized
states |ii and |f i in the stationary state |Ψα i. Then, it depends on a phase factor
that accounts for the free evolution of the exciton.
In that context, the success probability, that is the probability that the exciton
reaches the target site at time t provided that it was localized on the input site at
time t = 0 is defined as
Pf i (t) = |Uf i (t)|2
(8)
The time evolution of Pf i (t) results from the interferences between the paths
that the exciton can follow to tunnel from the input site to the target site. As
shown in the following of the text, our aim is thus to control these interferences by
varying the value of the ∆ parameter in order that the success probability reaches
a significant value as fast as possible.
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Fig. 3 Time evolution of the success probability for N = 16 and for a ∆ = 0.0 and b ∆ = 0.1Φ.

3 Numerical Results
In this section, the previous formalism is applied for studying the time evolution of
the success probability for different ∆ values and for different N values. To proceed,
the two-level Bohr frequency will stand for the energy reference, i.e. ω0 = 0.
For very small ∆ values, the time evolution of the success probability is displayed in Fig. 3 for N = 16. When ∆ = 0, Pf i (t) oscillates periodically between its
initial value equal to zero and a maximum value whose amplitude reaches 1.20%
(see Fig. 3a). Note that the period of these oscillations is approximately equal to
1.48Φ−1. A fully different behavior occurs when ∆ = 0.1Φ, as displayed in Fig. 3b.
The success probability behaves as a slowly varying function that supports a highfrequency small-amplitude modulation. This high-frequency component, whose period is approximately equal to 1.4Φ−1 , clearly refers to the small-amplitude oscillations observed in the limit ∆ = 0. By contrast, the low-frequency component,
whose period is about 565Φ−1, scales as a sine-like function that reaches a maximum value quite close to unity. Over the time scale considered here, this maximum
is equal to 99.16% and it arises at time t = 265.83Φ−1. These features indicate
that a non-vanishing ∆ value favors an efficient transfer between the input site
and the target site. However, this transfer takes place for a quite long time.
As shown in Fig. 4a, a similar behavior occurs for larger ∆ values, provided
that ∆ < Φ. Nevertheless, the frequency of the slowly varying component increases
as ∆ increases so that the success probability reaches a significant value at a time
that decreases with ∆. For instance, the first significant success probability that is
quite close to unity occurs at times t ≈ 132.53Φ−1, 65.87Φ−1 and 27.35Φ−1 when
∆ = 0.2Φ, 0.4Φ and Φ, respectively. Note that the occurrence of the maximum
maximorum of Pf i (t) depends on the value of the observation time. For instance,
for ∆ = Φ, the maximum reached by the success probability at time t = 27.35Φ−1,
equal to 98.09%, corresponds to a local maximum. In fact, over the time scale considered on the figure, the maximum maximorum takes place at time t ≈ 80.50Φ−1,
the corresponding value being equal to 98.79%. As ∆ increases, the amplitude of
the high-frequency modulation increases, as observed in Fig. 4b for ∆ = 3.0Φ. In
that case, Pf i (t) rapidly reaches a local maximum whose value is equal to 98.95%,
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Fig. 4 Time evolution of the success probability for N = 16 and for a ∆ = Φ, b ∆ = 3.0Φ, c
∆ = 4.0Φ and d ∆ = 6.0Φ.

this maximum occurring for a quite short time t = 5.76Φ−1. Then, for ∆ = 4.0Φ,
a particular situation takes place, as displayed in Fig. 4c. The two spectral components involved in the success probability can be clearly distinguished. Therefore,
similarly to what happens in amplitude modulation technique, Pf i (t) behaves as
a high-frequency carrier wave multiplied by a low-frequency modulation waveform. Although it reaches a significant value equal to 96.76% at the very short
time t = 3.28.Φ−1, its maximum value equal to 99.77% occurs at a longer time
t = 50.60Φ−1, over the time scale considered here. Finally, for larger ∆ values,
a slowly sine-like function dressed by small-amplitude high-frequency oscillations
recurs, as illustrated in Fig. 4d. For ∆ = 6.0Φ, the maximum value of the success
probability, equal to 99.79%, arises at t = 6.52Φ−1. In fact, in that regime, the
frequency of the slowly varying component decreases as ∆ increases so that Pf i (t)
reaches a local maximum value close to unity at a time that increases with ∆.
A detailed analysis of the time evolution of the success probability reveals the
occurrence of a critical ∆ value approximately equal to ∆∗ ≈ 4.12Φ for N = 16.
When ∆ ≈ ∆∗ , the two spectral components that define the success probability
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Fig. 5 Time evolution of the success probability for N = 16 and for ∆ = 4.12Φ.

exhibit almost the same amplitude. Consequently, as shown in Fig. 5, Pf i (t) behaves as a sine-like function that varies almost periodically between zero and a
maximum very close to unity, the corresponding period being approximately equal
to 6.24Φ−1. At a very short time t = 3.26Φ−1 , Pf i (t) reaches a local maximum
equal to 98.11% indicating that a very fast efficient transfer arises between the input site and the target site, as required to obtain an optimized powerful quantum
search algorithm. Note that over the time scale considered here, the maximum
maximorum of the success probability arises at time t = 15.66Φ−1 and it is equal
to 99.80%.
Over an observation time scale fixed to Tobs = 100Φ−1, let Pmax define the
maximum value of the success probability and let tmax denote the time for which
this maximum occurs. The ∆ dependence of both Pmax and tmax is illustrated in
Fig. 6 for N = 16.
As shown in Fig. 6a, the efficiency of the transfer is very poor for small ∆ values
and Pmax becomes significant provided that ∆ > 0.23Φ. In fact, the behavior for
very small ∆ values corresponds to a numerical artifact that arises because the
observation time is finite, that is the maximum maximorum is expected to occur
after Tobs . When ∆ > 0.23Φ, the maximum value of the success probability remains
typically larger than 95%, indicating that the transition of the exciton on the target
site is a very likely event. Note that Pmax becomes larger than 99.99% for many
∆ values such as ∆ = 4.32Φ, 5.04Φ and 6.19Φ, to cite a few. In that specific
cases, one is practically certain to observe the exciton on the target site for a time
shorter than Tobs . Nevertheless, for specific ∆ values, the curve Pmax (∆) exhibits
holes for which the maximum value of the success probability sightly decreases. For
instance, it reduces to 75.50% for ∆ = 3.46Φ and 4.85Φ whereas it is approximately
equal to 90.0% for ∆ = 2.80Φ, 3.73Φ, 4.53Φ and 5.72Φ.
The ∆ dependence of the time tmax is shown in Fig. 6b. In a general way, the
various points that form the figure draw a set of similar curves whose origin can
be understood as follows. As observed previously, the success probability exhibits
two spectral components. It involves a low-frequency component that periodically
reaches a significant value quite close to unity dressed by high-frequency small-
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∆ dependence of the time tmax for which the success probability reaches its maximum value
for N = 16. The observation time is fixed to Tobs = 100Φ−1 .

amplitude oscillations. Therefore, depending on the value of the parameter ∆, the
high-frequency can be shifted so that the maximum maximorum of Pf i (t) can
basically correspond to either the first, the second, the third ... local maximum
of the slowly varying component, thus drawing the set of curves. For each curve,
a critical parameter quite close ∆∗ ≈ 4.0Φ, discriminates between two regimes.
When ∆ < ∆∗ , the time tmax decreases with ∆ according to the invert law
tmax ∝ 1/∆. By contrast, when ∆ > ∆∗ , tmax increases almost linearly with
∆. In that context, the function tmax (∆) reaches its minimum when ∆ ≈ ∆∗ .
Nevertheless, the characterization of the critical region is not so easy because the
various curves are not well-defined in the neighborhood of the critical point. If
one considers the lowest curve, that is the curve that provides the shortest time
tmax , the critical point corresponds approximately to ∆∗ ≈ (4.10 ± 0.1)Φ. In that
case, the time tmax ≈ 3.26Φ−1 reaches a minimum value for which the success
probability, larger than 98%, remains very important.
At this step, by performing the previous studies for different N values, we have
∗
clearly
√observed the occurrence of a critical parameter ∆ (N ) that is slightly larger
than N Φ. Whatever N , this critical value discriminates between two regimes, as
observed in Fig. 6. Moreover, when ∆ ≈ ∆∗ (N ), the success probability behaves as
in Fig. 5 and it shows almost periodic oscillations between zero and a maximum
value very close to unity. In that context, we thus define ∆∗ (N ) as the critical
∆ value that maximizes the amplitude of the first local maximum of the success
probability and that minimizes the time at which this maximum arises. Let P ∗ (N )
denote the optimized value of this first maximum and t∗ (N ) stand for the time
for which this maximum occurs.
The N dependence of the critical parameter ∆∗ (N ) is displayed in Fig. 7. The
figure shows that ∆∗ increases with N . In quite good agreements with the results
displayed in Figs. 5 and 6, one obtains ∆∗ = 4.145Φ √
for N = 16. For quite small N
values, the critical parameter is slightly larger than N Φ. For instance, it is equal
to ∆∗ = 3.042Φ, 4.017Φ and 5.012Φ for N = 8, 15 and
√ 24, respectively. In fact,
it turns out that the critical point scales as ∆∗ (N ) ≈ N + 1Φ, as illustrated in
the inset of the figure. Quite good for small N values, this law is becoming better
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and better as N increases. For instance, one obtains ∆∗ = 7.004Φ and 10.002Φ for
N = 48 and 99, respectively.
At the critical point, i.e. when ∆ = ∆∗ (N ), the N dependence of the largest
amplitude P ∗ (N ) of the first maximum reached by the success probability is shown
in Fig. 8a (full circles). Note that the red dashed curve accounts for theoretical
calculations that will be discussed in the next section. In a general way, the optimized probability P ∗ (N ) exhibits damped oscillations around an average value
that lies just below unity. Note that this mean value is equal to 99.29% over the
N range considered here. However, as N increases, the amplitude of these oscillations decreases indicating that P ∗ (N ) tends to unity when N tends to infinity.
The smallest P ∗ (N ) value, equal to 88.47%, arises for N = 3. By contrast, the
largest P ∗ (N ) value, equal to 99.99%, arises for several N values equal to N = 29,
41, 55, 77 and 89, respectively. Finally, provided that N ≥ 9, the figure clearly
shows that P ∗ (N ) remains larger than 96.88% indicating that the transition of the
exciton from the input site to the target site is a very likely event at the critical
point.
The N dependence of the time t∗ (N ) for which the first local maximum of the
success probability occurs at the critical point is displayed Fig. 8b (full circles).
As previously, the red dashed curve accounts for theoretical calculations that will
be discussed in the next section. As N increases, the time t∗ (N ) shows damped
oscillations around an average value approximately equal to 3.12Φ−1. The smallest
t∗ (N ) value, equal to 2.72Φ−1, arises for N = 2 whereas the largest t∗ (N ) value,
equal to 3.33Φ−1, takes place for N = 3. Provided that N ≥ 9, the figure reveals
that the dispersion of the t∗ (N ) values decays so that t∗ (N ) ≈ (3.12±0.16)Φ−1. In
that case, the curve t∗ vs N shows a series of almost continuous variations that are
separated by discontinuities that take place for specific N values equal to N = 14,
23, 34, 47, 62 and 98. For instance, between N = 47 and N = 48, t∗ (N ) realizes a
jump from 3.05Φ−1 to 3.18Φ−1 whereas it varies from 3.19Φ−1 to 3.18Φ−1 when
N increases from 50 to 51. Nevertheless, disregarding these features, it turns out
that two fundamental points arise at the critical point. First, the time required
to the exciton to tunnel from the input site to the target site with a quite large
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Fig. 8 a N dependence of the amplitude P ∗ of the first local maximum of the success probability at the critical point. b N dependence of the time t∗ for which the first local maximum
of the success probability occurs at the critical point.

probability is almost N independent. Second, this specific time corresponds to a
very short time approximately equal to π/Φ.

4 Discussion
The numerical results clearly show that the success probability exhibits four different dynamical behaviors depending on the value of the ∆ parameter. Indeed,
when ∆ = 0, the input site and the target site are identical to the other sites.
Therefore, the network corresponds to a star graph involving N + 2 branches that
emanate out from a central node. In such a system, it is well-known that a localization occurs when the exciton is initially located on a branch site so that the
success probability remains very small, such an effect being enhanced as the branch
number increases [28, 34]. In that case, no efficient transfer arises between the input site and the target site preventing the occurrence of any successful quantum
search. By contrast, an efficient
tunneling arises for small non vanishing ∆ values,
√
i.e. provided that ∆ ≪ N Φ. The success probability behaves as a slowly varying sine-like function that supports small-amplitude high-frequency oscillations.
It thus reaches an important value quite close to unity, this maximum occurring
over a quite long time scale that becomes shorter and shorter as ∆ increases. Note
that although such a situation can be exploited for realizing an efficient quantum
search, the time required for a successful search is clearly√too long. A similar behavior arises for large ∆ values, i.e. provided that ∆ ≫ N Φ. In that case, the
success probability still exhibits two spectral components, that is a low frequency
sine-like function dressed by a high-frequency small-amplitude modulation. Therefore, it reaches a significant value over a quite long time scale that decreases as
∆ decreases. Once again, although an efficient quantum search can be obtained
within this case, the time required for a successful search is still too long. Finally,
our results have √
clearly shown the occurrence of a critical ∆ value approximately
equal to ∆∗ ≈ N + 1Φ. In that case the two spectral components that enter
the definition of the success probability have almost the same amplitude so that
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Pf i (t) behaves as a short period sine-like function that varies between zero and a
maximum very close to unity. Consequently, at the critical point, a very efficient
transfer arises between the input site and the target site. But the key point is
that this transfer occurs over a very short time scale that is approximately equal
to t∗ ≈ π/Φ whatever N . One thus obtains a powerful search algorithm whose
efficiency is almost independent on the size of the database.
To interpret the previous observations, both approximate and exact calculations can be done by exploiting the spectrum of the restricted Hamiltonian H
that governs the exciton dynamics. This Hamiltonian defines a four-level system
displayed in Fig. 2b. Its properties depend on the interplay between the exciton
hopping constant Φ and the defect energy shift ∆, giving rise to the four dynamical
behaviors observed in the previous section.

4.1 The limit ∆ ≪

√

NΦ

As mentioned previously, when ∆ = 0, the system reduces to a star graph involving N + 2 branches. In that case, straightforward calculations yield the success
probability as [28]
Pf i (t) =

4
sin4
(N + 2)2

√

N +2
Φt
2

(9)

According to Eq.
√ (9), the success probability defines a periodic function with
period T = 2π/ N + 2Φ that oscillates between zero and a maximum value equal
to 4/(N + 2)2 . Note that for N = 16, this maximum value is equal to 1.2% and
T = 1.48Φ−1, in a perfect agreement with the results displayed in Fig. 3a. In
fact, because the graph exhibits a (N + 1)-fold degenerate eigenenergy ω0 , specific
quantum self-interferences arise when the exciton is initially located on a single
branch. As a result, a localization takes place so that the exciton remains confined
over the excited site, preventing any efficient transfer between the input site and
the target site [28, 34].
√
For non vanishing ∆ values, in the limit ∆ ≪ N Φ, degenerate perturbation
theory [35, 36] can be applied for characterizing approximately the behavior of
the low frequency component of the success probability. Indeed, as shown in Fig.
2b for small ∆ values, the four-level system that defines the exciton Hamiltonian
in the active subspace involves two degenerate energy levels associated to the
defect states |ii and |f i and two energy levels associated to the totally symmetric
star states |χ± i. Because, the defect states are located far from the star states,
the interaction between defect states and star states has two main consequences.
First, it induces an energy correction of the defect states. Second, it favors an
effective interaction between the defect states. As a result, after straightforward
calculations, the effective hopping constant between the input site and the target
site is expressed as
∆Φ2
Φ̂ = 2
(10)
∆ − N Φ2
Note that the energy correction corresponds to a shift of the ∆ parameter expressed
as ∆ → ∆ + Φ̂.
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In that context, the defect states basically form a coupled two-level system
whose dynamics defines the low-frequency behavior of the success probability that
approximately scales as
Pf i (t) ≈ sin2 (Φ̂t)
(11)
In a quite good agreement with the numerical results displayed in Fig. 4a, the
low-frequency component of the success probability behaves as a sine-like function that periodically reaches
√ unity, the corresponding period being equal to π/Φ̂.
Consequently, when ∆ ≪ N Φ, Pf i (t) reaches its first maximum at time t =
π/(2Φ̂) ≈ πN/(2∆). In other words, the non vanishing ∆ value favors an efficient
transfer between the input site and the target site, this transfer occurring over
a quite long time scale that decreases as ∆ increases according to an invert law,
as observed in Fig. 6 b. Note that, in addition to the low frequency component
Eq.(11), Pf i (t) supports high-frequency small-amplitude oscillations that account
for the localization process observed in the limit ∆ = 0. As a result, this modulation can shift the position of the maximum value of the success probability. The
time for which the maximum arises thus draws a set of curves approximately given
by πN/(2∆), 3πN/(2∆), 5πN/(2∆), ... and so on, as shown in Fig. 6b.

4.2 The limit ∆ ≫

√

NΦ

√
In the limit ∆ ≫ N Φ, the energy diagram shown in Fig. 2b still exhibits the
two degenerate energy levels associated to the defect states that are located far
from the levels associated to the star states. Therefore, as previously, degenerate
perturbation theory can be applied for characterizing the low frequency component
of the success probability. In fact, the effective hopping constant between the input
site and the target site is still written as Φ̂ = ∆Φ2 /(∆2 − N Φ2 ) resulting in a lowfrequency component of the success probability that still behaves as Pf i (t) ≈
sin2 (Φ̂t). As observed in Fig. 4d, Pf i (t) periodically reaches unity according to
a period equal to π/Φ̂. It thus reaches its first maximum at time t = π/(2Φ̂) ≈
π∆/(2Φ2) indicating that an efficient transfer arises between the input site and
the target site. Nevertheless, this transfer takes place over a long time scale that
increases linearly with ∆, in a quite good agreement with the results displayed in
Fig. 6 b. Note that the occurrence of a set of curves still results from the presence
of the high-frequency small-amplitude oscillations in the success probability.

4.3 The critical point ∆ =

√
N + 1Φ

4.3.1 Approximate results
√
At the critical point, when ∆ ≈ N Φ, the perturbation theory is no longer valid
because a resonance occurs between the two defect states and the totally symmetric
star state
√ |χ+ i. Note that the physics is equivalent when one considers the case
∆ ≈ − N Φ, a resonance occurring with |χ− i.
For sufficient large N values, the problem can thus be solved approximately
by disregarding the coupling between the defect states and the star state |χ− i. In
doing so, the restricted Hamiltonian H thus describes the near resonant coupled
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states |ii, |χ+ i and |f i and the isolated unperturbed state |χ− i. Under this form,
H can be diagonalized exactly, the resulting eigenvalues being expressed as (with
the convention ω0 = 0)
√
ω̂1 = − N Φ
s
√
√
2
∆ + NΦ
∆ − NΦ
+ Φ2
ω̂2 =
−
2
2
ω̂3 = ∆
ω̂4 =

∆+

√
NΦ
+
2

s

∆−

√

NΦ

2

2

+ Φ2

(12)

The first eigenstate |Ψ1 i = |χ− i does not√
depend on the defect states. By contrast,
the third eigenstate |Ψ3 i = (|ii − |f i)/ 2 is an antisymmetric superimposition
that involves only the defect states. The remaining eigenstates |Ψ2,4 i are coherent
superimpositions involving |ii, |χ+ i and |f i, as

√

1
2(ω̂2,4 − ∆)2
|Ψ2,4 i = q
|ii +
|χ+ i + |f i
(13)
Φ2
(ω̂ −∆)2
2 + 2 2,4Φ2
In that context, the knowledge of both the eigenvectors and the eigenvalues of
the Hamiltonian allows us to build the approximate expression of the evolution
operator Eq.(7). Therefore, the probability amplitude to observe the exciton on
the target site f at time t provided that it was on the excited site i at time t = 0
is written as
1
Uf i (t) ≈ − e−i∆t
2

1−

e−i(ω̂2 −∆)t
1+

(ω̂2 −∆)2
Φ2

−

e−i(ω̂4 −∆)t
1+

(ω̂4 −∆)2
Φ2

!

(14)

The transition amplitude is the sum over the three elementary amplitude associated to the three paths that the exciton can follow to tunnel from the input
site to the output site. A specific path corresponds to a transition mediated by
one of the three eigenstates |Ψα i, with α = 2, 3 and 4. Therefore, each elementary
amplitude involves the weight of the defect states in the stationary state |Ψα i and
it depends on a phase factor that accounts for the free evolution of the exciton.
Consequently, the time evolution of the transition amplitude will result from the
quantum interferences between the different paths, interferences whose main influence is encoded into the two Bohr frequencies ̟1 = ∆ − ω̂2 and ̟2 = ω̂4 − ∆,
respectively.
Depending on the relative values of the relevant Bohr frequencies, different
regimes occurs resulting either in an efficient or in an inefficient transfer between the input site and the target site. To illustrate these features, Fig. 9a
shows the ∆ dependence of the maximum value Pmax of the success probability
Pf i (t) = |Uf i (t)|2 for N = 16, the observation time being fixed to Tobs = 100Φ−1.
The ∆ dependence of the corresponding time tmax is shown in Fig. 9b, tmax defining the time for which Pf i (tmax ) = Pmax . Although the present approach is valid
near the critical point, it turns out that the results displayed in Fig. 9 qualitatively
agree with the numerical calculations shown in Fig. 6. Indeed, Pmax remains typically larger than 95% and for specific ∆ values, the curve Pmax (∆) reaches unity
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Fig. 9 a ∆ dependence of the maximum value of the approximate success probability Pmax
for N = 16. b ∆ dependence of the approximate time tmax for which the success probability
reaches its maximum value for N = 16. The observation time is fixed to Tobs = 100Φ−1 .

indicating that a perfect transfer arises. Nevertheless, for other specific ∆ values,
the curve displays holes for which the maximum value of the success probability
sightly decreases. Similarly, the ∆ dependence of tmax gives rise to a set of curves.
For each
√ curve, tmax first decreases with ∆ until it reaches a minimum value for
∆∗ = N Φ. Then it increases linearly with ∆.
According to Eq.(14), quantum interferences yield holes in the curve Pmax (∆)
provided that the relevant Bohr frequencies satisfy the relation p̟1 (∆) = q̟2 (∆),
where p and q are two integers with opposite parity. For instance, with N = 16,
q = 1 and p = 2, a hole Pmax = 75.20% occurs for ∆ = 3.293Φ (see Fig. 9a). Note
that the same hole arises for q = 2 and p = 1 but for ∆ = 4.707Φ. By contrast,
Pmax reaches unity when constructive interferences take place, that is when the
relevant Bohr frequencies satisfy the relation p̟1 = q̟2 , where p and q are two
odd integers. In that case, Pmax = 1 occurs at a time tmax = pπ/̟2 = qπ/̟1 .
For instance, with N = 16, p = 3, q = 5 and ∆ = 4.516Φ, the success probability
reaches unity for tmax = 12.16Φ−1.
In that context, the key point is that tmax can be minimized to ensure a
very fast and perfect transfer between the input site and the target site. Such
an optimization takes place at the critical point that corresponds to the specific
situation for which p = q = 1 and ̟1 = ̟2 . According √to Eq.(12), the critical
point arises at the resonance, that is when ∆ = ∆∗ = N Φ so that the Bohr
frequencies verify ̟1 = ̟2 = Φ. In that case, the success probability is expressed
as Pf i (t) = sin4 (Φt/2). As a result, the time for which the exciton reaches the
target site with a probability equal to unity reduces to t∗ = π/Φ, in a quite good
agreement with the numerical results displayed in Fig. 8b.
4.3.2 Exact results
As shown previously, when one neglects the influence of the star state |χ− i, the
critical point corresponds to the resonance between the defect states and the star
state |χ+ i. In that case, specific quantum interferences arise because the two relevant Bohr frequencies of the system become identical, resulting in a fast and
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efficient transfer between the input site and the target site. In a general way,
the numerical results displayed in Figs. 7 and 8 show that similar effects occurs
when the influence of the star state |χ− i is taken into account but with a slightly
different critical ∆ value. To explain this difference, one proceeds as follows.
After studying numerically the spectrum of the restricted Hamiltonian H Eq.(5),
we have observed that the coupling between the defect states and the star state
|χ− i √
only slightly modifies the eigenvalues ω̂1 < ω̂2 < ω̂3 < ω̂4 provided that
∆ ≈ N Φ. Therefore, one can still assume that a fast and efficient transfer will
arises if the two relevant Bohr frequencies ̟1 = ω̂3 − ω̂2 and ̟2 = ω̂4 − ω̂3 are
identical. After straightforward calculations, it turns out that this particular
situ√
ation occurs provided that ∆ reaches a critical value equal to ∆∗ = N + 1Φ. At
this critical point, the restricted Hamiltonian H can be diagonalized exactly. Its
eigenvalues are expressed as
ω̂1 = −∆∗

ω̂2 = ∆∗ − Φ
ω̂3 = ∆∗

ω̂4 = ∆∗ + Φ

(15)

Note that the relevant Bohr frequencies satisfy ̟1 = ̟2 = Φ, as when we have
neglected the coupling with |χ− i. The corresponding exact eigenvectors are defined
as
√


1
2(|χ+ i + |χ− i)
√
|ii − √
|Ψ1 i = √
+ |f i
6 + 8N
N +1+ N
s
√


√
N +2−2 N +1
2(|χ+ i + |χ− i)
√ + |f i
√
|ii + √
|Ψ2 i =
4N + 6 − 6 N + 1
N +1−1− N
1
|Ψ3 i = √ (|ii − |f i)
2
s

√

√
N +2+2 N +1
2(|χ+ i + |χ− i)
√ + |f i
√
|ii + √
|Ψ4 i =
(16)
4N + 6 + 6 N + 1
N +1+1+ N
In that context, from Eqs. (15) and (16), we are able to build the exact expression of the evolution operator Eq.(7) at the critical point. The probability
amplitude to observe the exciton on the target site f at time t provided that it
was on the excited site i at time t = 0 is thus written as


√
√
N + 2 + 2 N + 1 −iΦt
N + 2 − 2 N + 1 +iΦt
1 −i∆∗ t
√
√
e
−
e
1−
Uf i (t) = − e
2
2N + 3 − 3 N + 1
2N + 3 + 3 N + 1
∗
1
+
ei∆ t
(17)
8N + 6
The transition amplitude is the sum over the four elementary amplitudes associated to the four paths that the exciton can follow to tunnel from the input site
to the target site. The first term in the right-end-side of Eq.(17) thus refer to
the three paths where the transition is mediated by the eigenstates |Ψα i, with
α = 2, 3 and 4. These corresponding amplitudes are basically those discussed in
the previous section. By contrast, the last term in the right-end-side of Eq.(17)

18

Vincent Pouthier

characterizes the path that involves the state |Ψ1 i. This state basically corresponds
to |χ− i so that the corresponding amplitude yields a quite small correction to the
full transition amplitude.
In the limit N → ∞, this latter amplitude vanishes so that one recovers the
results established in the previous section. The transfer is thus optimized when the
probability amplitudes associated to |Ψ2 i and |Ψ4 i are in phase one with the other
and if they are simultaneously in phase opposition with the amplitude associated to
|Ψ3 i. The shortest time for which such a situation occurs is t∗ = π/Φ, the resulting
success probability being equal to unity. For finite N values, the same argument
can be invoked to assume that a fast and efficient transfer arises. Therefore, if one
fixes the time to t∗ = π/Φ, the general expression of the probability amplitude
can be determined, giving rise to the optimized success probability defined as

"

1
P (N ) =
1+
2
∗



8N + 4
8N + 6

2 #

"

1
−
1−
2



8N + 4
8N + 6

2 #

√
cos(2 N + 1π)

(18)

√
At the critical point, i.e. when ∆ = N + 1Φ, the N dependence of both the
optimized success probability P ∗ (N ) and the optimized transfer time t∗ are shown
in Fig. 8 (red dashed curves). In a quite good agreement with the numerical results,
the curve P ∗ (N ) exhibits damped oscillations around an average value that lies
just below unity. As N increases, the amplitude of these oscillations decreases
indicating that P ∗ (N ) tends to unity when N tends to infinity. In fact, provided
that N ≥ 9, P ∗ (N ) is larger than 96.85% so that at time t∗ , the transition of the
exciton from the input site to the target site is a very likely event. This very short
time depends only on the hopping constant between the connected sites. In fact,
since the input site and the target site are separated by a central node, the value
t∗ = π/Φ represents the shortest time that is physically accessible to the exciton
to tunnel.
To conclude, for performing a quantum search on a star graph involving N + 2
branches, the molecular network must be chemically designed
√ so that the two energetic defects are characterized by the parameter ∆ = N + 1Φ. In that case,
we are sure that a very fast efficient excitonic transfer arises between the input
site and the target site. Therefore, by performing a measurement of the excitonic
quantum state at time t∗ = π/Φ, we shall find the exciton localized on the target
site with a very large success probability. Consequently, the result of this experiment will reveal the identity of the position of the target site, resulting in a fast
and successful quantum search whose powerfulness is becoming better and better
as N increases.

5 Conclusion
In this paper, a fast and efficient quantum search algorithm was established by
using the ability of an exciton to propagate along a star graph. The exciton dynamics is governed by a tight-binding Hamiltonian that formally corresponds to a
physical realization of a CTQW. The star graph is formed by N0 + 1 branch sites
that encircle a central site. It exhibits two energetic defects where the site energy
of the exciton is shifted by an amount ∆. The first defect, whose position is welldefined, denotes the input site. The second defect occupies the target site whose
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position is unknown. So defined, the network refers to an input site connected to
N0 output sites that form a database where the target site is a marked item whose
unknown position must be find.
To realize this spatial search we have proposed the following quantum protocol. At time t = 0, the exciton is created on the input site. As time elapses, it
propagates along the star so that the success probability to reach the target site
turns on. When the parameter ∆ is judiciously chosen, the time evolution of this
probability can be controlled by optimizing the quantum interferences that arise
between the different paths that the exciton√can follow to tunnel from the input
site to the target site. Therefore, when ∆ = N0 Φ, there exists a very short time
t∗ ≈ π/Φ for which the success probability becomes quite important resulting
in a fast and efficient excitonic transfer from the input site to the target site. A
measurement of the excitonic quantum state is finally performed at time t∗ . The
result of the measurement will find the exciton localized on the target site, hence
revealing the identity of its position. The key point is that t∗ is the shortest time
that is physically accessible to the exciton to tunnel. It is N0 independent so that
the powerfulness of the protocol is getting better and better as the size of the
database increases.
In the present work, the proposed quantum search algorithm was applied to
a very simple star graph. Although a quite powerfulness algorithm was obtained,
additional studies are required to investigate what happens in more intricate situations. For instance, it could be wise to consider more complex graphs such as
stars of connected star graphs and binary trees. Moreover, from a physical point
of view, the exciton does not propagate freely but it interacts with its surrounding
that favors energy relaxation and/or dephasing. These effects must be included
in our formalism to establish a more general protocol able to operate at finite
temperature.
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