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The decoherence of a qubit coupled with the phonons of a finite-size lattice is investigated. The
confined phonons no longer behave as a reservoir. They remain sensitive to the qubit so that the
origin of the decoherence is twofold. First, a qubit-phonon entanglement yields an incomplete true
decoherence. Second, the qubit renormalizes the phonon frequency resulting in fake decoherence
when a thermal average is performed. To account for the initial thermalization of the lattice, the
quantum Langevin theory is applied so that the phonons are viewed as an open system coupled
with a thermal bath of harmonic oscillators. Consequently, it is shown that the finite lifetime of the
phonons does not modify fake decoherence but strongly affects true decoherence. Depending on the
values of the model parameters, the interplay between fake and true decoherence yields a very rich
dynamics with various regimes.
PACS numbers:

I.

INTRODUCTION

Modeling the exciton dynamics is a key issue
for understanding transport phenomena in molecular lattices1–3 .
For instance, in light-harvesting
complexes4,5 , dendrimers6,7 and polymers8,9 , Frenkel excitons participate in the conversion of electromagnetic
energy into chemical energy. In α-helices, amide-I vibrons play a key role in the transduction of the chemical
energy into mechanical work10–15 . In adsorbed nanostructures, vibron transport competes with nanoscale
electronics16–21 and is a promising way for quantum information processing22,23 .
In such lattices, atomic subunits occupy sites regularly
distributed so that the exciton accounts for the coherent delocalization of an electronic transition or a highfrequency vibrational mode. However, it does not propagate freely but interacts with the phonons of the host
medium24,25 . In an infinite lattice, the phonons behave
as a reservoir26 responsible for quantum decoherence27,28 .
They induce random fluctuations of the excitonic energies so that dephasing-limited coherent dynamics arises.
Recently29–32 , the exciton-phonon problem was revisited to account for finite-size effects. In a confined lattice,
the phonons no longer form a reservoir33. Their dynamics exhibits quantum recurrences and memory effects so
that a strong non-markovian regime occurs34 . The correlations between the exciton and the phonons cannot
be neglected during the propagation. Consequently, generalized master equation approaches break down within
the Born approximation35.
Although many strategies exist to overcome such
problems36–40 , we have developed a quite powerful unitary transformation-based method29–32 . Within this
method, the exciton and the phonons are treated on an
equal footing to estimate the system eigenstates and to
go beyond the Born approximation. It was shown that
a dual dressing mechanism arises in which the exciton

is clothed by virtual phonons whereas the phonons are
dressed by virtual excitonic transitions. Therefore quantum decoherence occurs because dressed phonons and
free phonons evolve differently. First, the exciton modifies the nature of the phonon quantum states through the
dressing effect. As a result, a dynamical exciton-phonon
entanglement occurs giving rise to a true decoherence according to the nomenclature of Joos27 . Then, the exciton
favors a renormalization of the phonon frequency so that
the exciton coherences exhibit a phase factor that involves the frequency difference between free and dressed
phonons. At finite temperature, an average is required
because the phonons are assumed to be initially in thermal equilibrium. This average yields a sum over phase
factors which interfere with the others resulting in the
decay of the exciton coherence. This effect corresponds
to the fake decoherence defined by Joos27 .
In this paper, a new facet of the exciton-phonon model
is addressed via the introduction of a third ingredient. Indeed, assuming that the phonons are initially thermalized
suggests that they correspond to an open system coupled
with its own environment. For describing this situation,
we use a simple model known in the literature as quantum Langevin theory (QLT)41–45 . We thus introduce a
thermal bath formed by an infinite number of harmonic
oscillators that represent a true reservoir for the phonons.
Note that such a situation is quite common. For instance,
in most adsorbed nanowires, the vibrons are coupled with
the phonons of the wire, these phonons interacting with a
harmonic bath formed by the substrate vibrations16 . In
α-helices, amide-I vibrons are coupled with the phonons
that refer to H-bond vibrations. The thermalization of
these phonons can be described by using the QLT that
accounts for their coupling with the remaining degrees of
freedom of the protein46 . Finally, optical spectroscopy
in the condensed phase is usually addressed by considering a two-level system coupled with a finite number of
primary nuclear coordinates that interact with a bath of
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The qubit interacts with the acoustic phonons B of
the lattice. The phonons are the elementary excitations
associated to the external motions of the lattice sites that
behave as point masses M connected via force constants
W . They refer to N normal modes with quantized wave
vectors qp = pπ/L, with p = 1, .., N and L p
= N + 1, and
eigenfrequencies Ωp = Ωc sin(qp /2) (Ωc = 4W/M ). In
the phonon Hilbert space EB , the phonon Hamiltonian is
written in terms of the phonon operators a†p and ap as
HB =

E : environment of harmonic oscillators (HE )

N
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FIG. 1: Representation of the system involving a qubit A coupled with the phonons B of a finite-size lattice that interact
with a thermal bath of harmonic oscillator E.

harmonic vibrations47 .
In that context, the fundamental question arises
whether the harmonic bath affects the excitonic decoherence through its interaction with the phonons. Because
it forces the phonons to thermalize, does the bath modify the exciton-phonon entanglement? Does the interplay between true and fake decoherence change when the
phonons are allowed to relax over a bath? To partially
answer these questions, we introduce a simple model in
which the exciton is localized so that its dynamics is
described by a two-level system. We aim to study the
decoherence of such a qubit48–50 when it interacts with
confined phonons that are coupled with a harmonic bath.
The most complex situation in which the exciton delocalizes will be addressed in forthcoming works.
The paper is organized as follows. In Sec. II, the system formed by the qubit, the confined phonons and the
bath of harmonic oscillators is introduced. The corresponding Hamiltonians are defined. Then, the decoherence factor of the qubit is defined and evaluated. In Sec.
III, numerical calculations are carried out for describing
the time evolution of the decoherence factor whose behavior is discussed and interpreted.
II.

THEORETICAL BACKGROUND
A.

Model Hamiltonians

As illustrated in Fig. 1, we consider a one-dimensional
lattice that contains N sites x = 1, ..., N . Each site is occupied by an atomic subunit whose internal dynamics is
described by a two-level system. Neglecting interactions
between neighboring internal degrees of freedom, we focus our attention on the x0 th two-level system. It defines
a qubit A whose ground state |gi and first excited state
|ei generate the Hilbert space EA . The qubit Hamiltonian is expressed in terms of the Bohr frequency ǫ0 as (in
unit ~ = 1)
HA = ǫ0 |eihe|.

(1)

The qubit-phonon interaction results from the stochastic modulation of the qubit Bohr frequency by the lattice vibrations. Within the so-called potential deformation model, this effect is usually addressed by assuming that the coupling depends linearly on the phonon
coordinates24,25 . Here, we go beyond this approximation and we assume that the qubit Bohr frequency depends both linearly and quadratically on the lattice
distortions51–57 . In normal mode representation, the
qubit-phonon coupling Hamiltonian is thus written as
VAB =

N
X

p=1

Mp (a†p + ap ) + δΩp a†p ap |eihe|,

(3)

where
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with x± = x0 ± 1/2 and where ∆0 (resp. ∆1 ) is the
strength of the linear (resp. quadratic) qubit-phonon
coupling. Note that Eq.(3) is the simplest quantum nondemolition interaction that allows the description of fake
decoherence which results from exciton-induced phonon
frequency shift. When the coupling depends linearly on
the phonon coordinates, such a shift arises only when the
exciton is allowed to move29–32 . To recover this feature
with a localized exciton, it is thus necessary to introduce
an additional interaction that depends quadratically on
the phonon coordinates.
Finally, the phonons are coupled with additional vibrational modes. Each mode is described by a harmonic
oscillator with frequency ωα and boson operators bα and
b†α . These normal modes define a thermal bath E, whose
Hamiltonian HE acts in the Hilbert space EE , as
HE =

X

ωα b†α bα .

(5)

α

According to the QLT41–45 , the bath favors energy exchanges mediated by the creation or the destruction of

3
phonons. Within the rotating wave approximation41,42 ,
the coupling Hamiltonian is defined as
X
∗ †
VBE =
gαp a†p bα + gαp
b α ap ,
(6)
αp

where gαp is the strength of the coupling between the pth
phonon mode and the αth oscillator.
The whole system involving a qubit coupled with confined phonons that interact with a harmonic bath is described by the Hamiltonian H = HA + HB + HE + VAB +
VBE . The Hilbert space E = EA ⊗ EB ⊗ EE is partitioned
into independent subspaces as E = Eg ⊗ Ee , where Eg
is the zero-exciton subspace (qubit in the ground state)
whereas Ee is the one-exciton subspace (qubit in the excited state). Within this nomenclature, H can be rewritten as
H = Hg ⊗ |gihg| + (He + ∆H ) ⊗ |eihe|,

(7)

where
Hg =

N
X

Ωp a†p ap +

N
X
p=1

∆H =

N
X

ωα b†α bα + VBE

Ω̂p a†p ap +

X

ωα b†α bα + VBE

Mp (a†p + ap ).

Calculation of the decoherence factor

To evaluate D(t), the evolution operator that governs
the dynamics of s when the qubit is excited is written as

α

−i

e−i(He +∆H )t = e−iHe t e+

(8)

p=1

At this step, let s = B + E be the system formed by
the phonons and the harmonic bath. In Eqs.(7)-(8), Hg
(resp. He ) governs the dynamics of s when the qubit lies
in its ground state (resp. excited state). Note that He
accounts for the renormalization of the phonon frequency
Ω̂p = Ωp + δΩp induced by the excitation of the qubit
whereas ∆H is the linear qubit-phonon coupling.

B.

D(t) is the central object of the present study. Its knowledge provides information on the ability of the qubit to
maintain a superposition at time t despite its coupling
with the phonons. The key point is that D(t) depends
only on the dynamics of s. It characterizes the way the
quantum evolution of s deviates from a free evolution
when the qubit-phonon coupling switches on, an average over the initial state being performed. Because the
phonons interact with their environment, D(t) cannot
be calculated easily so that an approximate procedure is
applied, as detailed in the next section.
C.

α

p=1

He =

X

typical time evolution of s so that the initial system density matrix becomes ρ(0) = |ψA ihψA | ⊗ ρs .
In that context, the properties of the qubit are encoded
in the reduced density matrix σ(t) = T rs [ρ(t)], where
T rs is a partial trace over the system s. The coherence
is the matrix element σeg (t) = D(t)e−iǫ0 t σeg (0), where
D(t) defines the so-called decoherence factor as
h
i
D(t) = T rs ρs eiHg t e−i(He +∆H )t
(9)

0

dt1 ∆H (t1 )

,

(10)

where e+ is a positive time ordered exponential44 and
∆H (t) = eiHe t ∆H e−iHe t . By inserting Eq.(10) in
Eq.(9), it turns out that D(t) involves the product
exp(iHg t) exp(−iHe t). Of course, this product does not
simplify when the phonons interact with the harmonic
bath ([Hg , He ] 6= 0). However, to simplify the discussion, we assume that the weak-coupling limit is reached
so that the product becomes
eiHg t e−iHe t ≈ e−iδH t ,

Definition of the decoherence factor

Without any perturbation, the system is in thermal
equilibrium at temperature T . The qubit, whose frequency satisfies ω0 ≫ kB T , occupies its ground state.
By contrast, the harmonic oscillators form a bath whose
properties are encoded in the density matrix ρE =
exp(−βHE )/ZE , ZE being the bath partition function
(β = 1/kB T ). According to the QLT41–43 , the bath
yields the thermalization of the phonons that are described by the density matrix ρB = exp(−βHB )/ZB ,
with ZB the phonon partition function. As a result, the
system density matrix is written as ρeq = |gihg| ⊗ ρs
where ρs = ρB ⊗ ρE .
To study the decoherence of the qubit, the system
is brought in a configuration out of equilibrium. The
qubit is prepared in a superposition of states |ψA i =
cg |gi + ce |ei. This step is assumed to be faster than the

Rt

(11)

where δH = He − Hg .
P
†
As shown in Eq.(8), δH =
p δΩp ap ap commutes
with HB , HE , ρB and ρE . This feature allows the introduction of the effective density matrix defined as
−1
ρB (t) = ZB
(t)e−βHB −iδH t

(12)

ZB (t) = T rB e−βHB −iδH t .

(13)

where

Strictly speaking, ρB (t) is not a phonon density matrix
since it provides complex values for the population of the
phonon number states. However, it reduces to the equilibrium density matrix ρB at t = 0. Moreover, ρB (t) being isomorphic to ρB , the trace over the phonon degrees
of freedom yields averages equivalent to thermal averages
but with the correspondence βΩp → βΩp + iδΩp t.

4
Using the previous definitions, Eq.(9) is rewritten as
D(t) ≈

R
i
h
ZB (t)
−i t dt1 ∆H (t1 )
T rs ρB (t)ρE e+ 0
ZB

(14)

In Eq.(14), it is as if the time was playing two different
roles. In the evolution operator, t is the physical time
during which the dynamics of s takes place. By contrast,
in ρB (t), t can be viewed as a parameter that characterizes the initial phonon state. Despite its arbitrariness,
this distinction reveals that Eq.(14) is particularly suitable for using the cumulant expansion method58,59 . Up
to second order with respect to ∆H , this method yields
D(t) ≈

ZB (t) −i R t dt1 m1 (t1 |t)
e 0
ZB

(15)

e−

,

Rt
0

dt1

R t1

dt2 [m2 (t1 ,t2 |t)−m1 (t1 |t)m1 (t2 |t)]

0

where the moments of ∆H are expressed as
m1 (t1 |t) = T rs [ρB (t)ρE ∆H (t1 )]
m2 (t1 , t2 |t) = T rs [ρB (t)ρE ∆H (t1 )∆H (t2 )] . (16)
According to Eq.(8), m1 (t1 |t) and m2 (t1 , t2 |t) involve
the moments of the phonon operators that can be extracted from the QLT41–43 . To proceed, the s dynamics is first defined in terms of coupled Heisenberg equations of motion for both the phonon operators and the
bath operators. Then, these equations are formally integrated by invoking the Markov limit and the singlemode relaxation-time approximation (i.e. by neglecting
the correlations between distinct phonon modes induced
by the bath)60 . The phonon dynamics is thus given by
the Langevin equations of motion

be evaluated. First order moments vanish and the nonvanishing second order moments are defined as


(20)
T rs ρB (t)ρE a†p (t1 )ap′ (t2 ) = δpp′ ×


eiΩ̃p (t1 −t2 ) e−γp (t1 −t2 ) n̂p + e−2γp t2 (n̄p (t) − n̂p ) ,

where Ω̃p = Ω̂p + δp , n̄p (t) = [exp(βΩp + iδΩp t) − 1]−1
and n̂p = [exp(β Ω̂p ) − 1]−1 . Eq.(20) can be understood
as follows. Initially, it is as if the phonons were described
by the effective density matrix ρB (t). Average phonon
numbers are thus defined in terms of the effective distributions n̄p (t). Then, according to the QLT, energy
exchanges occur between the phonons and the harmonic
bath. Because the bath is in thermal equilibrium, these
exchanges favor the thermalization of the phonons. With
a rate 2γp , the pth phonon mode reaches a thermal equilibrium characterized by the Bose-Einstein distribution
n̂p . This distribution accounts for the renormalization of
the phonon frequency (Ω̂p = Ωp + δΩp ) because the qubit
lies in its excited state. In addition, the energy exchanges
destroy the coherent nature of each phonon p that is characterized by a finite lifetime inversely proportional to γp .
As a result, any two-time correlation function involving
phonon operators irreversibly decreases with time.
After algebraic manipulations,
m1 (t1 |t) and
m2 (t1 , t2 |t) can be determined so that D(t) is finally
written as
D(t) ≈

ZB (t) −Φ(t)
e
,
ZB

(21)

where Φ(t) is defined as
X
Φ(t) =
Mp2 [(2n̂p + 1)L2p (t) − iM2p (t)]
p

ȧµp (t) = iµ(Ω̂p + δp )aµp (t) − γp aµp (t) + Fpµ (t),

(17)

where µ = ± (for a†p (t) and ap (t)) and where Fpµ (t) is
the Langevin force defined as
Fpµ (t) =

X

µ iµωα t µ
iµgαp
e
bα .

(18)

α

In Eq.(17), the phonon decay rate γp and the dynamical
shift δp are defined as
γp =

X
α

δp = p.v.

π|gαp |2 δ(Ω̂p − ωα )
X |gαp |2
α

Ω̂p − ωα

,

(19)

where p.v. stands for the Cauchy principal value.
Eq.(17) yields aµp (t) in terms of the integral of Fpµ (t).
Therefore, using the fluctuation-dissipation theorem43
that links the Fourier transform of the two-time correlation functions of the Langevin forces and the phonon
decay rate, the moments of the phonon operators can

+

X
p

2
2
Mp2 (n̄p (t) − n̂p )[L1p
(t) + M1p
(t)]. (22)

The functions Lip (t) and Mip (t) are written as
Lip (t) =
Mip (t) =

Z

Z

t

dt1 ...

ti−1

dti cos(Ω̃p ti )e−γp ti

0

0
t

dt1 ...
0

Z

Z

ti−1

dti sin(Ω̃p ti )e−γp ti . (23)

0

Note that Eq.(21) is exact when the phonons do not interact with the harmonic bath (VBE = 0).
According to standard theories27,28 , the decoherence
factor measures how the phonon dynamics, perturbed
by the qubit-phonon coupling that switches on when the
qubit is excited, deviates from the free evolution that
arises when the qubit occupies its ground state. This
deviation has two origins because the coupling exhibits
a linear contribution (denoted ℓ) and a quadratic contribution (denoted Q). The decoherence factor can thus
be partitioned as D(t) = DQ (t)Dℓ (t) with DQ (t) =
ZB (t)/ZB and Dℓ (t) = exp(−Φ(t)).
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Because of the quadratic coupling, the frequency of
each phonon is shifted by an amount δΩp when the
qubit is excited. Consequently, the reduced density matrix of the qubit exhibits a phase factor proportional to
exp(−iδH t). The phonons being initially in thermal
equilibrium, the average of this phase factor according
to the density matrix ρB gives rise to the so-called fake
decoherence factor DQ (t). Note that fake decoherence
does not depend on the coupling between the phonons
and the harmonic bath.
By contrast, the linear coupling ∆H (Eq.(8)) affects
the nature of the phonon quantum state. As described
previously35 , it brings each phonon mode in a quasiclassical state that defines a lattice distortion localized
on the site x0 . This distortion propagates so that two
acoustic wave packets are emitted on each side of the excited site x0 . During their propagation, the wave packets
experience reflections on the lattice sides and they relax
over the harmonic bath. As a result, this quantum evolution differing from that which arises when the qubit is
in its ground state, a dynamical qubit-phonon entanglement occurs a priori and a true decoherence takes place.
The true decoherence factor Dℓ (t) is thus a measure of
the phonon memory at time t of their initial distortion,
this memory being encoded in the two-time correlation
function of the linear coupling. Note that Dℓ (t) depends
also on the quadratic qubit-phonon coupling. But the key
point is that when compared with DQ (t), Dℓ (t) strongly
depends on the influence of the harmonic bath.
These different features are illustrated in the next section where the time evolution of the decoherence factor
is studied numerically.
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FIG. 2: Behavior of the fake decoherence factor DQ (t) for
θ = 2.15, ∆Q = 1.66 × 10−2 , (a) L = 20 and (b) L = 8.

NUMERICAL RESULTS AND DISCUSSION
A.

bath is measured by the reduced parameter η = γ0 /Ωc .
Note that δp is the Hilbert transform of γp .

Parameters

In this section, the previous formalism is applied for describing the time evolution of the modulus D(t) = |D(t)|
written as D(t) = DQ (t)Dℓ (t) with DQ (t) = |ZB (t)/ZB |
and Dℓ (t) = exp(−Re[Φ(t)]) (see Eq.(21)). To proceed,
we consider odd N values and assume that the qubit
occupies the center of the lattice (x0 = L/2). For describing the dynamics, the unit of time is the phonon
correlation time τc = 2/Ωc and the reduced temperature θ = kB T /Ωc is used. The strength of the linear
and quadratic qubit-phonon couplings are measured by
∆ℓ = ∆0 /Ωc and ∆Q = ∆1 /Ωc , respectively. Finally,
the interaction between the phonons and the bath is represented by a Debye model1 . The decay rate γp scales
as
γp =

γ0
1 + Ω2p /ω02

(24)

with ω0 = 10Ωc is the cutoff frequency of the bath. The
strength of the coupling between the phonons and the

B.

Fake decoherence factor

The time evolution of the fake decoherence factor
DQ (t) is displayed in Fig. 2 for L = 20 (Fig. 2a) and
L = 8 (Fig. 2b). Initially equal to unity, DQ (t) decreases
with time whatever L. It seems to follow a Gaussian decay and a priori vanishes in the long-time limit. In fact,
we have verified that the behavior of DQ (t) is quite-well
captured by its short-time limit. Consequently, from the
expression of ZB (t) (Eq.(13)), DQ (t) scales as


1
DQ (t) ≈ exp − Γ2Q t2
2

(25)

where the decay rate ΓQ is defined as
ΓQ =

sX
p

∆n̄2p δΩ2p

(26)
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In Eq. (26), ∆n̄2p = n̄p (n̄p +1) measures the thermal fluctuations of the pth phonon number around its average
value n̄p = [exp(βΩp ) − 1]−1 . These fluctuations provide
to ΓQ its temperature dependence. Since n̄p ≈ kB T /Ωp
in the high-temperature limit, ΓQ increases linearly with
the temperature, as checked numerically. Moreover, ΓQ
depends on the quadratic qubit-phonon coupling through
its dependence with respect to δΩp . Because δΩp scales
as 1/L (Eq.(4)), we have observed that
√ the decay rate
decreases with L as ΓQ ≈ 2.4∆Q kB T / L. Fake decoherence is thus inherent to the confinement and it disappears
in an infinite lattice.
Note that we must be careful because the isomorphism
with the Gaussian strongly depends on the lattice size.
Indeed, as illustrated in the insets of Fig. 2, DQ (t) shows
coherence revivals. The shorter is L, the larger is the amplitude of the revivals. For instance, for L = 20, DQ (t)
remains smaller than 10−10 indicating that the Gaussian
approximation can be used. By contrast, for L = 8,
DQ (t) reaches values approximately equal to 10−3 in
the long-time limit. The Gaussian approximation breaks
down and fake decoherence is incomplete.

0.4
0.2

True decoherence factor

(b)
0.0

Φℓ (t) =

X
p

Mp2 (2n̄p + 1)(1 − cos(Ωp t))

(27)

Because of the confinement, the phonon dynamics exhibits quantum recurrences that provide to Dℓ (t) an almost periodic nature characterized by several time scales.
In the short-time limit (Fig. 3a), a series of dephasingrephasing mechanisms occurs with an almost period T0 =
Lτc , i.e. the time required to the phonons to cover the
lattice. Over half a period, the phonons deviate from
their initial state so that dephasing takes place. The
true decoherence factor decays34 according to the rate
Γℓ ≈ 8∆2ℓ kB T . Then, over the next half period, the
phonons propagate back to the excited site so that they
recover their initial state. The coherence of the qubit
recurs resulting in a rephasing process that occurs with
the same rate Γℓ .
Over longer time scales (Figs. 3b and 3c), such a behavior remains. However, its periodic nature is more or
less broken because the lattice dispersion prevents the
phonon to recover their initial state after each reflection.
Nevertheless, the dynamics is characterized by so-called
revival times for which the initial state almost recurs.
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Disregarding the coupling between the phonons and
the harmonic bath, the time evolution of the true decoherence factor Dℓ (t) is displayed in Fig. 3. When the
quadratic qubit-phonon coupling vanishes (black line),
Dℓ (t) measures the phonon memory at time t of their
initial perturbation induced by the linear qubit-phonon
coupling (see Sec. II.C.). According to Eq.(22), it is
defined as Dℓ (t) = exp(−Φℓ (t)) with
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FIG. 3: Time evolution of the true decoherence factor Dℓ (t)
for L = 20, θ = 2.15, ∆ℓ = 6.24 × 10−2 , and for ∆Q = 0.0
(black line) and ∆Q = 1.66 × 10−2 (red line). Different time
scales are considered.

Here34 , this effect is encoded in the super-revival time
Tsr = L3 τc /π 2 equal to 810.56τc. Figs. 3b and 3c clearly
show that Dℓ (t) periodically recurs close to unity with a
period approximately equal to Tsr .
At this step, let us mention that the strength of the
linear qubit-phonon coupling discriminates between two
asymptotic limits. In the weak-coupling limit (Γℓ T0 ≪
1), the amplitude of the dephasing-rephasing process is
small enough so that Dℓ (t) basically remains close to
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p

where n̄′p (t) = Re(n̄p (t)). When compared with the previous situation, it is as if the phonons were described by
the effective density matrix ρB (t) instead of ρB . Therefore, as shown in Fig. 3a, the dephasing-rephasing processes occur in the short-time limit, only. Over longer
time scales (Fig. 3b), the oscillating behavior of the decoherence factor disappears gradually and after a time
approximately equal to 125τc, Dℓ (t) seems to reach a
value quite close to unity. Nevertheless, as illustrated in
Fig. 3c, quantum recurrences take place in the long-time
limit resulting in the decay of Dℓ (t) for specific revival
times. This behavior originates in interference processes
between the various contributions of the function Φℓ (t)
(Eq.(28)). Indeed, n̄′p (t) is a periodic function, with period Tp = 2π/δΩp , that varies between n̄p and −1/2 at
high-temperature. Because each effective Bose number
has its own period, interferences arise resulting in the
decay of the function Φℓ (t). Over the decay time, we
have verified that n̄′p (t) behaves as a Gaussian whose
√
decay rate, approximately equal to ΓQ / L, is almost
p independent. Note that the recurrences observed in
Fig. 3c correspond to specific periods Tp . For instance,
with the parameters used in the simulation, one obtains
Tp=2 = 6175τc and Tp=4 = 3371τc in a good agreement
with the numerical observations.
Fig. 4 shows the influence of the coupling between
the phonons and the harmonic bath on the time evolution of the true decoherence factor. The quadratic qubitphonon coupling being neglected, the figure reveals the
occurrence of two main effects.
First, because each phonon has a finite lifetime, the oscillating behavior of Dℓ (t) gradually decays. This damping arises over a time scale approximately equal to 1/γ0
whose value discriminates between two regimes. The underdamped phonon regime arises when γ0 T0 ≪ 1. In that
case, the phonon lifetime is longer than the classical period T0 so that the coherent nature of the phonons can be
observed temporarily. Several dephasing-rephasing processes can be distinguished as illustrated by the black
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unity over an infinite time scale. By contrast, in the
strong-coupling limit (Γℓ T0 ≫ 1), Dℓ (t) clearly vanishes
after a dephasing process and it recurs when the following
rephasing mechanism takes place. However, it no longer
reaches a value close to unity mainly because the lattice
dispersion is enhanced by the coupling. Nevertheless,
quantum recurrences occur periodically so that, as in the
weak-coupling limit, the coherence of the qubit survives.
In other words, when the phonons remain insensitive to
the harmonic bath, there is no true decoherence in the
sense that Dℓ (t) does not vanish in the long-time limit.
This mechanism will be named the incomplete true decoherence of the qubit.
The red curves in Fig. 3 show the influence of the
quadratic qubit-phonon coupling on the true decoherence
factor that becomes Dℓ (t) = exp(−Φℓ (t)) with
X
Φℓ (t) =
Mp2 (2n̄′p (t) + 1)(1 − cos(Ω̂p t))
(28)
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FIG. 4: Time evolution of the true decoherence factor Dℓ (t)
for L = 20, θ = 2.15, ∆ℓ = 6.24 × 10−2 , ∆Q = 0.0 and for
η = 5.16 × 10−3 (black line) and η = 5.16 × 10−2 (red line).

curve in Fig. 4. By contrast, the overdamped phonon
regime takes place when γ0 T0 ≫ 1. In that case, the
phonon lifetime is shorter than the classical period T0
preventing the observation of dephasing-rephasing processes (red curve). Note that the intermediate damped
phonon regime occurs when γ0 T0 ≈ 1.
Second, because the phonon memory irreversibly disappears, Dℓ (t) tends to zero in the long-time limit by
following an exponential decay. In other words, the incomplete true decoherence becomes complete when the
phonons are allowed to relax over the harmonic bath.
From Eq.(22), one obtains Dℓ (t) ≈ exp(−Υℓ t) in the
long-time limit, the decay rate Υℓ being defined as
X
γp
(29)
Υℓ =
Mp2 (2n̂p + 1)
2
Ω̃p + γp2
p
Note that when the quadratic qubit-phonon coupling and
the phonon-bath coupling turn on, we have verified that
the behavior of Dℓ (t) results from the interplay between
different processes. In a general way, a complete true
decoherence arises and Dℓ (t) vanishes in the long-time
limit. However, over short and intermediate time scales,
the damping of the dephasing-rephasing processes can
result form either the phonon relaxation, the quadratic
qubit-phonon coupling or both effects, depending on the
values of the model parameters.
D.

Full decoherence factor

The previous results reveal that the time evolution of
DQ (t) and Dℓ (t) is very sensitive to the model parameters. Consequently, different regimes were observed depending on the value of the following key ingredients: the
fake decoherence rate ΓQ , the dephasing-rephasing rate
Γℓ , the phonon decay rate γ0 and the classical period T0 .
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FIG. 5: Time evolution of the decoherence factor D(t) for
L = 20, θ = 2.15, ∆ℓ = 4.16 × 10−2 , η = 1.03 × 10−3 and for
(a) ∆Q = 3.33 × 10−3 and (b) ∆Q = 3.33 × 10−2 .

FIG. 6: Time evolution of the decoherence factor D(t) for
L = 20, θ = 2.15, ∆ℓ = 1.25 × 10−1 , η = 1.03 × 10−3 and for
(a) ∆Q = 3.33 × 10−3 and (b) ∆Q = 3.33 × 10−2 .

In that context, because D(t) = DQ (t)Dℓ (t), one expects
the occurrence of various time evolutions, as illustrated
in the present section.
In the underdamped phonon regime (γ0 T0 ≪ 1), the
time evolution of D(t) is shown in Fig. 5 when the linear
qubit-phonon coupling remains weak (black curve). Note
that DQ (t) (blue curve) and Dℓ (t) (red curve) are also
represented. For a weak quadratic qubit-phonon coupling
(Fig. 5a), D(t) follows a Gaussian decay that supports
a high-frequency small-amplitude modulation. Indeed,
in that case the coherent nature of the phonons can be
distinguished so that a series of dephasing-rephasing processes arises. Because each dephasing is quite well compensated by the following rephasing, small-amplitude oscillations occur. They gradually disappear due to both
the phonon relaxation and the interference effect induced
by the quadratic qubit-phonon coupling. But this disappearance is quite slow so that fake decoherence dominates the decoherence process. D(t) basically follows the
Gaussian decay Eq.(25).
When the quadratic qubit-phonon coupling increases

(Fig. 5b), D(t) still follows a Gaussian decay but without
the high-frequency small-amplitude modulation. In that
case, fake decoherence occurs over a time scale shorter
than the classical period T0 . Consequently, one cannot
distinguish the dephasing-rephasing processes and D(t)
rapidly decays by following the Gaussian Eq.(25).
The time evolution of D(t) is displayed in Fig. 6
for a stronger value of the linear qubit-phonon coupling (black curve). When the quadratic qubit-phonon
coupling remains weak (Fig. 6a), D(t) exhibits highamplitude damped oscillations and vanishes in the longtime limit. Indeed, when ∆ℓ increases, the amplitude
of the dephasing-rephasing processes is enhanced. Over
each cycle of duration T0 , an almost complete dephasing
occurs that is no longer compensated by the following
rephasing due to the lattice dispersion. Consequently,
the degree of coherence of the qubit basically decreases
with time. The key point is that there is no quantum
recurrences because the incomplete true decoherence is
observed over finite time scale Γ−1
Q specified by the fake
decoherence. This screening effect of the incomplete true
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FIG. 7: Time evolution of the decoherence factor D(t) for
L = 20, θ = 2.15, ∆ℓ = 4.16 × 10−2 , η = 5.16 × 10−2 and for
(a) ∆Q = 3.33 × 10−3 and (b) ∆Q = 3.33 × 10−2 .

FIG. 8: Time evolution of the decoherence factor D(t) for
L = 20, θ = 2.15, ∆ℓ = 1.25 × 10−1 , η = 5.16 × 10−3 and for
(a) ∆Q = 3.33 × 10−3 and (b) ∆Q = 3.33 × 10−2 .

decoherence induced by the fake decoherence ensures the
completeness of the full decoherence.
When the quadratic qubit-phonon coupling increases
(Fig. 6b), D(t) rapidly decays and no longer supports high-frequency oscillations. Indeed, because ∆Q
increases, the temporal windows during which the incomplete true decoherence is monitored is drastically reduced. The fast decay of D(t) originates in the strong
screening induced by the Gaussian law of fake decoherence. It thus becomes almost impossible to distinguish
any dephasing-rephasing process. Note that the fake decoherence selects the first dephasing process that basically refers to the dephasing-limited coherent dynamics
that arises in an infinite lattice35 .
In the overdamped phonon regime (γ0 T0 ≫ 1), the
time evolution of D(t) is displayed in Fig. 7 when the
linear qubit-phonon coupling remains weak (black curve).
In that regime, the phonon lifetime is shorter than the
classical period T0 . The coherent nature of the phonons
cannot be distinguished and one no longer observes the
dephasing-rephasing processes. For a weak quadratic

qubit-phonon coupling (Fig. 7a), D(t) basically follows
an exponential decay and it vanishes in the long-time
limit. Such a behavior results from the fact that the rate
Υℓ , that controls the time evolution of the true decoherence factor, is larger than the decay rate ΓQ so that fake
decoherence can be disregarded. The decoherence of the
qubit is thus dominated by the true decoherence whose
completeness is ensured by the relaxation of the phonons
over the harmonic bath.
When the quadratic qubit-phonon coupling increases,
the opposite situation takes place as illustrated in Fig.
7b. Indeed, ΓQ becomes larger than Υℓ so that the time
evolution of D(t) is dominated by fake decoherence. Although D(t) follows Dℓ (t) in the short-time limit, it than
decreases according to the Gaussian law of fake decoherence in the intermediate- and long-time limit.
The time evolution of D(t) is displayed in Fig. 8 for a
stronger value of the linear qubit-phonon coupling (black
curve). When the quadratic qubit-phonon coupling remains weak (Fig. 8a), D(t) explicitly follows the exponential decay that governs the time evolution of the true
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decoherence factor. The figure clearly shows that such a
behavior does not depend on fake decoherence. In fact,
increasing ∆ℓ results in the enhancement of the complete
true decoherence. One thus obtains Υℓ ≫ ΓQ so that
D(t) ≈ exp(−Υℓ t).
When the quadratic qubit-phonon coupling increases,
Fig. 8b shows that the physics of the decoherence is almost unchanged. The rate Υℓ remains larger than ΓQ
so that the complete true decoherence dominates the behavior of the full decoherence factor that is independent
on fake decoherence. Of course, increasing again ∆Q will
result in a competition between true and fake decoherence. But it should be careful to not consider unphysical
values.
At this step, note that to simplify the discussion,
only specific asymptotic behaviors were reported in the
present section. Of course, many other regimes occur
between the underdamped phonon regime and the overdamped phonon regime, depending on the strength of the
qubit-phonon coupling and on the value of the interaction
between the phonons and the bath.
To conclude, let us mention that the previous results
strongly depend on the lattice size via the L dependence
of both the classical period T0 and the fake decoherence
rate ΓQ . As L varies, one can pass from one regime to
another. For instance, let us imagine that the parameters
yield the underdamped phonon regime with weak linear
and quadratic qubit-phonon couplings, as illustrated in
Fig. 5a. As L increases, Γℓ T0 is enhanced so that it is as if
∆ℓ increased. In the same time, ΓQ T0 increases as if ∆Q
increased. One thus reaches the underdamped phonon
regime with strong linear and quadratic qubit-phonon
couplings, as illustrated in Fig. 6b. Note that we have
verified that the influence of the size is less pronounced in
the overdamped phonon regime provided that the phonon
lifetime is shorter than the classical period T0 .
IV.

CONCLUSION

In this paper, a simple model was introduced for studying the decoherence of a qubit coupled with the phonons
of a finite-size lattice. Because of the confinement, the
phonons no longer behave as a reservoir so that they
remain sensitive to the excitation of the qubit. Conse-
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